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1 Solutions of first order ODEs

By the end of this section, you should be able to answer the following questions
about first order ODEs: ‘ ,

e How do you solve an IVP associated with directly integrable, separable or
linear ODEs? (Revision)

e Under what conditions does a solution to an IVP problem exist?

o Under what conditions is a solution to an IVP problem unique?

In MATH1052, you were introduced to Ordinary Differential Equations (ODEs) and

Initial Value Problems (IVPs) and saw how to find solutions to some special types of

first order equations. In particular, there should be three types of first order ODEs
- that you are familiar with solving.

* Directly integrable: j— = f (z).
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o Separable: % = f(z)g(y).
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o Linear: o = q(z) — p(z)y.
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In most applications involving first order ODEs, we are required to solve an IVP.
Generally, this is a problem of the form

= jlew), ylm) =

In otherwords, we seek to find solutions of the ODE which pass through the point
(%0, ¥0) in the z-y plane.

Consider the following three examples.

1.1 Example: ng =z, y(0) = 1 has a unique solution
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1.2 Example: % = 3zy"/3, y(0) = 0 has more than one solu-
tion '
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1.3 Example: % =z " y, y(0) = 1 has no solution

= dy 4 Loy =
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1.4. Existence and uniqueness criteria
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Here we consider the initial value problem

Y - few), vl = o

o (existence) If f(z,y) is céntinuous in some rectangle
R ={(z,9)| |z — zo| <a,|y — w0l <b}
then the initial value probl'em has a.t least one solution. Note that (zo,y0) € R.
e (uniqueness) Moreover, if f,(z,y) is also continuous in R then there is at most

one solution to the initial value problem.

The above two conditions only tell us that a solution exists or is unique locally (i.e.,
in the rectangle R). Beyond R, we simply don’t know. Let’s look at the previous
three examples in the context of the theorem.
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1.5 Example: é =z,y(0)=1

\C(X{ﬂ =x o = Lﬁx};@
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W _ = 3zy'/3, y(0) = 0

1.6 Example:
dz
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1.7 Example: Yz y,
dx z

‘((X, 3) = X nF oy Y
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