- 12 Double integrals in polar coordinates

By the end of this section, you should be able to answer the following questions:

e What is the relatlonshlp between polar coordinates and rectangular coordi-
nates? '

¢ How do you transforin a double integral in rectangular coordinates into one in
terms of polar coordinates?

o What is the Jacobian of the transformation?

For annular regions with circular symmetry, rectangular coordinates are difficult. It
can be more convenient to use polar coordinates.

The following diagram explaihs the relationship between the polar variables r, § and
the usual rectangular ones z,y.
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For polar coordinates, we Ara

jﬁr cosf, y=rsind.
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Consider the volume of a solid beneath a surface z = f(z,y) and above a circular
region in the z-y plane.

We divide the region into a[polar grid !as in the following diagram:

YN

We first approkimate the area of each polar rectangle as a regular rectangle. We do
this as follows. Choose a point P inside each polar rectangle in the polar grid. Let
P = (z*,y*) or in polar coordinates ‘E = (r*, 9*){, where

¥ =r"cosf*, y*=r"sinf".

The area of the polar rectangle containing P can be approximated as r*AfAr.
Therefore the volume under the surface and above each polar rectangle can be
approximated as

bqu_ arfa .
. vol. one box z{‘(T* cos 0%, 7% sin 6*). ut
: 3 he )
. ey

Here f(r* cos 0%, 7* sin 9*) is the value of the function at the point P, which is also
the height of the box used in the approximation. To obtain an approximation for
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the entire volume below the surface we sum over the entire polar grid:

—
vol. = Z (T*AQATM
(polar grid) - .
= vol. = AT}%LO > rAOATf(r*cosf*,r* sin6*)
(polar grid)

= fj f(rcosf,rsinf)r df dr.
) : y

The double integral in rectangular coordinates is then transformed as follows:

{J f(@,y) wz jsjf(?;ggs 9,@9)7‘ dr df.
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Ax dy —> vdodr
12.1 Example Find ff @+ g dy where D/is the region
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12.2 Example: Find the volume of the solid bounded by the

2
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12.3 Find the volume of the solid that lies under the paraboloid

z = 22 +1? and inside the cylinder z?+y? = 2z, for z > 0.
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