16 Spherical coordinates
By the end of this section, you should be able to answer the following questions:
. What is the relationship between rectangular coorindates and spherical coor-

dinates?

e How do you transform a triple integral in rectangular coordinates into one in
terms of spherical coordinates?

e What is the Jacobian of the transformation?
Sometirmes it is useful to use spherical coordinates in order to simplify the integral.

This involves the transformation

x=rcosfsing, y=rsinfsing, z=rcosq. (13)
—

In this case @ is longitude, ¢ is co-latitude, and 7 the distance from the origin.
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We now aim to calculate a small element of volume of a spherical shell. This will
then show how in a triple integral we can transform from rectangular coordinates
to spherical coordinates by substituting the transformation (13) and by making the
change

de dy dz — rPsing dr df d¢.

e ‘

Consider the following diagram.
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The important result is that the triple integral in rectangular coordinates transforms
as follows:

R
= (v cos sin ¢, r sin 6 sin ¢, 7 cos ¢) |2 sin ¢ Jdr df de.
j!j f(rcosfsing %5111 sin ¢, r cos d))@ ’
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16.1 A simple example:

Find the volume of a sphere of
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16.2 Find the mass of a sphere of radius R whose density is
given by p(z,y,2) = e” @+, (Q?sua._a, cobeod o )
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16.3 Find the volume of the “ice cream cone” R between a

sphere of radius a (centred at the origin) and the cone
z=/2%+ 92
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