17 Moments of inertia (second moments)
By the end of this section, you should be able to answer the following questions:

e How do you locate the centre of mass of a solid object using a triple integral?

 How do you calculate the moments of inertia about the three coordinate axes?

The moment of inertia of a particle of mass m about an axis (z, y, or z) is defined
to bejmr? ‘Where r is the distance from the particle to the axis.

It is sometimes referred to as rotational inertia and can be thought of as the rota-
tional analogue of mass for linear motion. For example, linear kinetic energy can be
expressed as mv , and the rotational kinetic energy as lI w2 Linear momentum is
determined by the formula p = mv, while angular momentiim is given by L = lw.
In these examples, I is the moment of inertia and w the angular Velomty

As we have seen from previous examples, the mass of a solid Wlth density o(z,y,z)
occupying a region R in ]R3 is given by

m = fff p(z,y,z)dV.
R

The moments about each of the three coordinate planes are
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The centre of mass is then located at the point (Z,7,%) where .
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The moments of inertia about each of the three coordinate axes work out to be
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I, = fff (z® + y¥)p(z,y, 2)dV.
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17.1 Example: locate the centre of mass of a solid hemi-
sphere of radius a with density proportional to the

distance from the centre of the base. Find its moment

~ of inertia about the z-axis.
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