18 Conservative vector fields
By the end of this section, you should be able to answer the following questions:

e What is meant by a conservative vector field and a corresponding potential
function?

e Given a potential function, how do you determine the corresponding conser-
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vative vector field?. Ce \Colq L& Y ‘C ‘

e Given a conservative vector field, how do you determine a corresponding po-
tential function?

18.1 Vector fields

In what follows, the notation is always

r=xi+yjor r=zi+yj+zk.
A vector field in the z-y plane is a vector function of 2 variables

F(T.) = F(xvy) (Fl(x>y)’F2($) y))

= Fi(z,y)i+ Fa(z,9)].
That is, associated to a point (z,v) is the vector F(r).

18.1.1 Example: F(r) = (—y,z) = —yi + zJ.
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Similarly a vector field in 3-D is a vector function of 3 variables

F(r) = F(z,y,2)
(Fl(x,y,z),Fg(:c,y,z),Fg(x,y,z))
Fi(z,y, 2)i + Fa(z,y, 2)j + F3(z,y, 2)k

|

18.1.2 Example: Newtonian gravitational field ﬂ?
\r\ = Q x 7
: mMG -
F(T) = = ]7,]3 T'=F(x,y,z)
—mMGz it —-mMGy .
@+ 212282 " @ttt 22)3/21
—mMGz

(1'2 + y2 + 22)3/2
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18.2 Gradient of a scalar field, conservative vector fields

Recall for a differentiable scalar function f(z,y) in two dimensions, we define

gra.df_—fz—l—gf = V’F

For a differentiable scalar function f(z,y, z) in three dimensions, we define

of 8f af l‘*d @ed\aml a(eﬁua{\\ffc

Alternatively we define the differential opera,tor
V=il +j§ T AL Q\«d (am( e,

so gradf = Vf. — .

gradf =

18.2.1 Example: find the gradient of f(z,y,z) = 2%y%2%..
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“\ Note Vf is a vector. It’s length and direction are independent of the choice of
- _coordinates. Vf (evaluated at a given point P) is in the direction of maximum
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‘ You may see the scalar function f referred to as a scalar ﬁeld If a vector ﬁelcj

and a scalar field f are related by"u = Vf,|we call f a potential function and v a
conservative vector field. ' '
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18.2.2 Verify that the Newtonian gravitational field is conservative Wlth

~|
potential function f(z,y,z2) = _% —_ m/\/\a (s( ‘Hj +2) 4
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n a conservative vector field, how can we determine a corresponding poten‘mal

function? The next example outlines this procedure.

113



18.2.3 The vector field F(z,y) = (3 + 2zy)i + (2? — 3y?)j is conservatlve
Find a corresponding potential function. T '
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Can we still determine a potential function when the conservative vector fleld is in
three dimensions?
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18.2.4 The vector field F(z,y, z) = y*i+(2zy+e%)j 4 3yes? k is conservative
Find a corresponding potential function.
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Is there a way of determining whether or not a given vector field is conservative?
To answer this question, we need to go back to the study of line integrals
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