27 Stokes’ theorem
By the end of this section, you should be able to answer the following questions:

e What is Stokes’ theorem and under what conditions can it be applied?
e How do you apply Stokes’ theorem?

e What is the circulation of a vector field?

27.1 Summary of surfaces and curves

Here we summarise the different types of curves and surfaces which we need to -

understand Stokes’ theorem. Although most of these definitions have already been

. given, you may find it useful to have all of this information in one place so you can
review at a glance. '

27.1.1 Surfaces

e Smooth: the surface normal vector depends continuously on the points on the
surface.

o Piecewise smooth: the surface consists of finitely many smooth surfaces inter-
secting only at their boundaries.

e Oriented (or orientable): the direction of the positive normal vector can be
continued uniquely and continuously across the whole surface: (espec;1ally if
the surface is piecewise smooth).

27.1.2 Curves

e Smooth: the tangent at each point on the curve is unique and varies continu-
" ously.

o Piccewise smooth: the curve consists of finitely many smooth curves.

e Simple: the curve never intersects itself anywhere between its endpoints.

174



27.2 Stokes’ theorem

Let S be a piecewise smooth, orientable surface in R® and let the boundary of
S be a piecewise smooth, simple, closed curve C. Let F(z,y,2) be a contin-|
uous vector function with continuous first partial derivatives in some domain
containing S. Then

ff(curlF).ndAz%F.dr}
c

S
where m is a unit normal vector of S, and the integration around C is taken
in the direction using the “right hand rule” with n.
spesial case prot mo Sleut pliza-U3e, i S
27.2.1. Relation to Green’s theorem '3"\“3"\ l’”‘? = 36‘1 j)

Recall Green’s theorem in the plane. It relates a line integral on a boundary to a
double integral over a region in the plane. Roughly speaking, Stokes’ theorem is a
3-D version of this: it relates a surface integral on a piece of surface (in 3-D) to a
line integral on the boundary of the surface.

In fact, note that if the surface is in the z-y plane with n = k, Stokes’ t(laleOrem
0F, F

reduces to Green'’s theorem, since the k component of curl F' is just e v
Zz Y

27.2.2 Verify Stokes’ theorem where C is the curvé of intersection of
the plane y + z = 2 and the cylinder z? +y? = 1, oriented counter-
clockwise when looking from above, and F = [—3?, 2, 2?].
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27.3 Circulation

Let v represent the velocity field of a fluid and C' is a piecewise smooth, simple,

closed curve. We have
fv-dr=jgvonS,
c c

where T is a unit tangent vector in the direction of the orientation of the curve.
The dot product v - T' is the component of v in the direction of T' (and hence the

curve), so we can interpret 7{ v- T dS as a measure of the tendency of the fluid to

. o .
move around the curve C'. We call this quantity the circulation of v around C.

Now define a small circle C, of radius a about a point Fy, such that the disc S,

enclosed by Cj, is normal to the vector n(F;). Our aim here is to better understand
curlv.

Since curlw is continuous, we approximate curlv over S, as curlv(Fp). Stokes theo-

rem then gives us
i
?{ wv-dr = ffcurl'v-ndS' |
. . \

jf curlv(Py) - n(FPy) dS
Sa

Q

= curlv(R) - n(F) ff as
Sa

= curlv(Ry) - n(Py)(ma?)
1

ma® Jg,

circulation around disc
area of disc

= curlv(R) -n(F) ~ v-dr

Q

(
<7

This approximation improves as a — 0. Indeed

.1
curlv(FRy) - n(Ry) = (I)E)I(IJ — 72‘ v-dr.

Note that this has a maximum value when curlv(Py) and n(FP,) have the same
direction.

In particular, if we take n(F) to be each of the coordinate unit vectors %, j , k,
we have the following: The %, j, k components of curlv(FP) give the circulation
density at Fp in planes normal to each of the 4, j, k respectively. The magnitude

of curlv(FP,) gives the maximum circulation density about P, in a plane normal to
curlv(Fy).
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27.4 Curl fields and vector potentials

One immediate consequence is that if there are two different surfaces S; and S,
- satisfying the criteria of Stokes’ theorem, both with the same boundary curve C,

then
ﬂ curlF - ny dS = 7{ F.dr = ﬂ curlF - m, dS.
S1 c Sa

We have that if S is a closed surface satisfying all of the other criteria of Stokes’
theorem, and if we define C to be any closed curve lying on S, so that S; and S,

are two open surfaces whose union makes up S and whose common boundary is C,
then

ﬁ cuﬂF ndS = ff curlF' - ny dS'_+ fj curlF' - ny dS

S S1 So
ng'dr—l_j{ F.dr
c -C
= %F-dr—%F-dr=0;
C c

since the orientation of C' as a boundary to Sy will be in the opposite direction to
that of Ss.

Let F be a vector field satisfying F' = curlG for some vector field G. We call F a
curl field and G a corresponding vector potential. «

The above result says that the net outward flux of a curl field across any closed
surface is zero.

We can verify that div(curlG') = 0 for any vector field G. Consequently we should
not be too surprised by the above result, since Gauss’ divergence theorem says that

gf;ﬁ (curl@) - o dS = fﬂ div(curl@) dV = 0.
5 v

In fact, it turns out that we have the following test for curl fields:

Let F be a vector field whose components and their partial derivatives are continu-
ous. If every closed surface in the domain of F' only encloses points which are also in

the domain of F, and if divF = 0, then there exists some G such that F = curlG.
That is, F' is a curl field.
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