31 Eigenvalues and eigenvectors
By the end of this section, you should be able to answer the following questions:

e How do you find the eigenvalues and eigenvectors of a given square matrix?
e What are some simple properties of eigenvalues and eigenvectors?

‘e Prove that the eigenvectors corresponding to distinct eigenvalues aré linearly
independent.

A great deal of this section should be familiar to you. We start by recalling some
results on vector spaces associated with matrices.” !\/\ ATH(Og}
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The column space of an m X n matrix A is the space spanned by the column vectors
of A (C R™). The dimension of the column space of A is called the rank of A,

denoted rank(A). This coincides with the number of non-zero rows in the r.e.f. of-
A | |

For any m x n real matrix A the null space of A is the vector space

The dimension of N (A) is called the nullity of A, denoted nullity(A

The row space of an m x n matrix A is the space spanned by the row vectors of A
(CR™). A basis is given by the non-zero rows in the r.e.f. of A. The dimension of
the row space ce is also given by the rank of A.

Note that the row space.of AT = column space of A.

For m x n matrices,
rank(A) + nullity(A4) = n.
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31.2 Non-singular matrices

For n x n square matrix A, we have several conditions for the existence of A~*.

. . . . -\ ~ -
For n X n matrix A, the following are equivalent: A A - A A = _L .

#?’W e KT oexafs.
& z =0 has only the trivial solution 2 = 0.

2.
3. If U is ar.ef for A, then U has no row of all
Zeros. ' :

4. Az = b has a solution for every n-dimensional
column vector b.

det(A) # 0.

The columns of A are linearly independent.
The rows of A are linearly independent.
nullity(4) = 0.

rank(A4) = n. .
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31.3 'Eigerivalues and eigenvectors

Let A be a square matrix. Then an eigenvector of A is a vector v # 0 such that

Av = v,

for some scalar A. .
The scalar ) is called the corresponding eigenvalue.

If v is an eigenvector of A, then so is tv for any scalar t # 0.

Recall if A is an eigenvalue of A, with corresponding eigenvector v, then Av = \v =
AMv, so (A— X)v = 0. Hence = v is a non-trivial solution to the homogeneous
system of equations (A — AI)xz = 0, and conversely, if there is a non-trivial solution
then A is an eigenvalue of A. Thus:

A is an eigenvalue of A &S A X = >\§

if and only if (A — AI)xz = 0 has a non-trivial solution %
if and only if A — AT is singular : : ' Ed / S awve
if and only if det(4 — A1) = 0. 5 /
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For an n x n matrix A, det(A — AI) is a polynomial of degreé n in A, called the
characteristic polynomial of A.

The equation det(A — AI) = 0 is the characteristic equation of A.

FEigenvalues A may be complex numbers, and the eigenvectors v may have complex
components, even for real matrices A.
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To find the eigenvalues and eigenvectors, do the following:

1. Find the roots of the characteristic polynomial, det(A — A\I) = 0. These are
© the eigenvalues.

2. For each eigenvalue A, find all v satisfying (A — M)v = 0. These are the
eigenvectors. The vector space spanned by the eigenvectors corresponding to
each eigenvalue is called the eigenspace associated to .
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For n = 2,3, we can solve the characteristic equation to get eigenvalues. For n > 4
there are better numerical methods.
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31.4 Simple properties
For a square matrix A:

1. A and A7 have the same eigenvalues.

(AN = (@)

g ot (A-F)
c:%gsw,(

2. A is singular if and only if A = 0 is an eigenvalue of A.
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3. If X is an eigenvalue of A, then \? is an eigenvalue of A2, and 1/) is an
eigenvalue of A~! when A is non-singular. .

4. IfAisan eigenvalue of A, then X—m is an eigenvalue of A —mlI, for any scalar
m.
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31.5 Eigenvectors corresponding to distinct eigenvalues are

linearly independent

If A1, Ag, ..., Ag are distinct eigenvalues of A, with corresponding eigenvectors vy, v, .. . , Uk

., Uk} is lin-

(such that v; corresponds to );), then the set of eigenvectors {v1, v,

early independent.
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