5 Forced oscillations - resonance, beats, practical
resonance

By the end of this section, you should be able to answer the following questions:

e How to determine the steady state solution of a forced oscillator?
e What is resonance?

e How do beats arise?
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Recall ODE for free oscillations with damping: ' {L

my" +cy +ky=0 .T
Now if we have an external force r(t) acting on the body, the equation becomes

my”+cy’+@y_=@ N‘T“% = et Gree

r(t) is called the input or driving force. < SiO ’fSWL@“‘ﬁ

-Q;rc@

Fdaupig fee
T(t) Fycoswt, Fy>0, w>0, . +§Q «\‘un&l&“w‘\’ﬂ)

so that the ODE becomes

Of particular interest are periodic inputs of the form

my" + ¢y’ + ky = Fy coswt. (6)
We have already seen how to determine yy.

To determine yp, by the method of undetermined coefﬁcienté, we set
Yyp = acoswt + bsinwt. }‘e

After substituting 1nto (6), also setting wy = 1/k/m, we obtain
\/\\_’

’ R m(w? — w?) ' .
jWV) \‘\' Z__:) { = fo m?(wi — w?)? + wic? (7)

= Fp we (8)

m2(w? — w?)? + w2c?

Note we need to modlfy our initial guess if w=uwo & C=o

We now look at the different cases when the system is damped (¢ > 0) or undamped

1= = Acestad) + Bsnfud]
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W= ACaLwJ(A—GSMW{'

Tn this case|c = 0 Assume w? # wj. Then C@S(Q:Lb)
| Fy = CoTq Cosb - SMorSiub

W coswt.

5.1 {Undamped |forced oscillations

yp =

: T
We can therefore write the general soluM ( "\(\’5 - ¥0(—>

N
y(t) = C cos(wpt — ) + cos wt.
St = O )
This represents a superposition of two harmonic oscillations. Their frequencies are

the natural frequency wq/27 (cycles/sec) of the system and the frequency w/2m of -
the input.

Thé maximum amplitude of yp in this case is
w="0p o=t
K - 1= (w/wo)?
where p is called the resonance factor. Asw — wy, p and ag — oo. This phenomenon

of excitation of large oscillations by matching input and natural frequencies (w = wyp)

is known as resonance.
——
In the case of resonance the ODE can be written

/" 2 FO
Y+ woy = — coswpt.
~ : m b =W
The modified guess then gives
yp = t(a coswpt + bsinwpt).

Determining a and b by substitution into the ODE leads to

: Fy ;
= t si t.
yp 2muwyg S /742 &

These oscillations grow as t increases.

When we are close to resonance, beats arise. W C\°§e lro “Wo

e

Take the solution

y(t) = —m——(ﬁ(cos wt — coswpt)

corresponding to the initial conditions y(0) = 0, /(0) = 0. This can be rewritten
AN

PERSERA

‘ 2Fy . [ woFw Wy —Ww
- =7 t
y(t) (o — ) sin ( 5 t) sin ( 5 >
N

Since we are close to resonance, wp — w is small, so the period of the last sine term
is large, giving rise to beats. .
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5.2 Damped forced oscillations 13
= \w
With damping, ¢ > 0 and we know already that . \\/ ‘ _

Y = e—ﬁt(A cos(yt) + Bsin(zt))

(remember underdamping gives damped oscillations).

yg — 0 as t — 00, so the general solution in the forced case will approach yp as

t — oo. That is, the general solutionty(t) = yg + ypa is a transient solution and
~approaches a steady-state solution which is given by yp.

—_—

This is what happens in practice, because no physical system is completely un-
damped. )

With damping, the amplitude is finite as w becomes close to wp, but may have a
large maximum at some value of w. In otherwords, some input may excite large
destructive oscillations even with damping. '

For the steady state solution, we have already seen that
yp = acoswt+ bsinwt
= C”cos(wt—n)
with a and b given by (7) and (8) respectively.
The amplitude C* of yp is given by

C* = VEIP
Fy

B Vm2(wi — w?)? + w2 \/%9
Treating the amplitude as a function of w, C*(w) will have a maximum when

@::0, (C(/chlc "Ka"ﬁw ‘

: 2 _ 90202 ,2) — : : 2
that is, when ¢* — 2m?*(w§ — w?) = 0, or when _zw“l,v\q’z. _C
©
2 _, 2 i = K/;_/’ (9)
W =up om2’ . 1w

For sufficiently large damping, ¢ > 2m2wi, (9) has no real solutions, and C* de-
creases in a monotone way as w increases.

If ¢ < 2mk, (9) has one real solution (remember w > 0)

02
2
W = Wmax = Wy — _—2?’1’&2
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and
2mF 0

O = O'lemax) = = #

This is what we call practical resonance.

The ratio C*/ Fy is called the amplification, which — oo as ¢ — 0 in agreement with
the case of resonance.
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Example O.D.E.: %LC’\ ‘:,O ;9 (C’) =0
" 4+ ¢ +y = 10 cos(wt)

& m=1,¢c=1, k=1, Fp =10

| 1
WwmaXx — E
| 20 .
Cﬁﬁax = —~11.547.



y(t) =

1 .
O Be (14 w?) (21 -w2) (V3 , .. (V3)
| _(1—w2>2+w2< L4 w? COS<7t>+Sm<”2_t>>

+ 10
(1 -w?)?+w?

((1 — w?) cos(wt) + w si'n(wt)>



