6 Hyperbolic functions
By the end of this section, you should be able to answer the following questions:

e What is the definition of the sinh and cosh functions?
e What is the definition of the inverse hyperbolic functions?
"~ o What are the derivatives and anti-derivatives of these functions?

e How are hyperbolic functions used in the catenary problem? [\f cao{Mﬁ) '

6.1 Properties of hyperbolic functions

We define the functions cosh(z) and sinh(z) by

xz -
cosh(z) = -e———_tze—,
T _ -z
sinh(z) = e——ii—

We can check by direct calculation that

cosh?(z) — sinh?(z) = 1.

Compare this with the identity
cos*(6) +sin*(9) = 1 ' (10)

for trig functions. The identity (10) allows us to parametrxse a unit circle. By setting
z(t) = cos(t), y(t) = sin(t), we have N (et My
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cos?(t) +sin®(t) = 2 + 4% = 1,
which is the equation of the unit circle.

If we set z(t) = cosh(t) and y(¢) = sinh(¢), this gives a parametrisation for a
hyperbola (only the right branch), since

cosh?(t) — sinh?(t) = 2 — 9% = 1,

which is the equation of & hyperbola This is Why we call these functions “hyperbolic
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These hyperbolic functions satisfy properties similar to their trigonometric counter-
parts. For example

d e¥ — e % L
-CE(cosh(x)) = 5 = sinh(z),
d . e t+e®
%(Slnh(a})) = 2 - COSh(x) .

cosh(0) = 1, cosh(z) > 1, cosh(z) is an even function. cosh (" 7<) = CSS(’\ (k)

s

sinh(0) = 0, sinh(z) is an odd function. - ¢ M\/\ ("Y> = ~3 \\AL\()(>
We also define

sinh(z l1—e% ‘

tanh(z) = cosh((x)) =15 | tanh(z)| < 1,
cosh(z

coth(z) = sinhéx)
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cosh(x)

Figure 2: Graph of sinh(x)
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Figure 3: Graph of tanh(z)
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Figure 4: Graph of coth(z)



6.2 Inverse hyperbolic functions

The inverse function of cosh is denoted arcosh

The inverse function of sinh is denoted arsinh.
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The inverse function of tanh is denoted artanh.
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Figure 6: Graph of arsinh (z)
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Figure 7: Graph of artanh ()




We have the following:

/ de = arsinh (z) + ¢
V1+ 22 ,
dx
= = arcosh (z) +¢, z > L.
6.2.1 Show that d (arsinh (z)) !
2. W - =
dz V14 22
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dr dx
6.2.2 Evaluate the integrals / ——— and | ——
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6.2.3 Show that % (artanh (z)) = |z| <1
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Using partial fractions, we can also evaluate the integral
dx 1 l+2z
= =] .
1—z2 2 n(l—x) +C
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In fact, we have the following identities

-2z
arsinh (z) = In (w + Va2 + 1) )
arcosh (z) = In (:c +Va? - 1> .
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6.2.4 Show that arsinh (z) =In (z + vz% + 1)
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