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9 Integrals over general regions
By the end of this section, you should be able to answer the following questions:

o How can you identify type I and II regions?
e How do you evaluate a double integral over type I and II regions?

e How can you evaluate a double integral over a more general region comprising
finitely many type I and II regions?

o What is meant by net volume below a surface?

To find the double integral over a general region D instead of just a rectangle.vve
consider a rectangle which encloses D and define , % , "
. ) [V"‘Q( (})vm-{'thom
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F = 3
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then '
| [[ t@y)aa= [[ F(z,9)dA
D R

and we can proceed as before. It is possible to show that F is integrable if the
boundary of D is bounded by a finite number of smooth curves of finite length.
Note that F* may still be discontinuous at the boundary of D.
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9.1 Type I regions .

A plane reg1on D is of type I if it lies between the graph of two continuous functions
of z. That is iD= {(z,y)la <z <b, gi(z) Ly < gol2)}.
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Figure 17: Type I regions are generally bounded by two constant values of z and

" two functions of z.

In practice, to evaluate jf [z, y)dA where D is a region of type I we have

ﬂf (c,y)dA = /(/g(()) #,1) dy
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Figure 18: Some more examples of type I regions.
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9.1.1 Example: find ff(élm + 10y)dA where D is the region between the

D
parabola y = z? and the line y = z + 2.

Y=Xee
f F&'f\"'+§ 6’(
; l( { ’ \/L%K ec{\\
f = ) X = R4
e =2 ~ = X /Z, -

D= g(’f‘t@)“‘EXéi )' X ~’15~ Xz
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9.2 AType II regions i
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Figure 20: Type II regions are generally bounded by two constant values of y and
two functions of y.

A plane region is of type II if it can be expressed by -

| D{Evksy<d mp sz <mw))

In practice, to evaluate Jj f(z,y)dA where D is a region of type II we have
D

7

d/ rha(y) '
. g f(z,y)dA = /C</hl(y) flz,y) d;c)dy_
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Figure 21: Some more examples of type II regions.
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9.2.1 Example: evaluate jj zy dA where D is the region bounded by the
D

line y = z — 1 and the parabola y? = 2z + 6.

Figure 22: The volume of example 9.2.1 is outlined above. Note carefully that the
surface is above the z-y plane only in the quadrants where z, 4 > 0 and 2,y < 0. For
z and y values in the other two quadrants, the surface is below the z-y plane. Hence
- in this example we are calculating the “net volume” lying above the z-y plane.

P ﬁh«JfS* ) 10
\\""\Q/ fechon,

D= %c‘a)

(a?.c 2(\3@46
=> aa?"._ Z% ~¥ =o

e
:X%

65



C g .
] ( [ ) 9] e oy
;‘,< il — 3 (L)
6 . | - |
md’ Vol UM o bove
X—\Q place A Lew
r= ;OQ‘Q\ o

66



9.3 - Express D as a union of regions of type I or type II and
| expand the integral jj f(z,y) dA, for some integrable
D

function f.
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