DEPARTMENT OF MATHEMATICS

MATH2000

Conservative vector fields and line integrals (solutions)
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Since F(x,y, z) is conservative, there is a function f(z,y, z) such that

F($7y7z) = Vf(xvya Z)
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Hence % = 2z which implies
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From (2), g—?’; = g—z, but from (1), g—’yc = z. Hence
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From (1), % = y and from (3), % =y+ 2 Hence & =0 = h(z) = ¢, where cis a

constant. Thus f(z,y,2) = 2>+ yz + c.
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c

(a) 2/(t) = 2t and ¢/(t) = —2t so
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Although we could do this integral directly, it is instructive to set u = t? so du = 2tdt in
which case
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(b) 2'(t) = cost and y/(t) = — cost so
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An obvious substitution to make is uw = sint so du = costdt in which case
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This provides an example of the fact that the value of line integrals are independent of their
parameterization. It also shows how a proof of the general result could be constructed.
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(d) Since r(t;) = 1li+ 1j + 1k and r(ty) = 0i+ 0j 4+ Ok we have /F-dr = 5—1—1—1—1 =3
Recall that the integral / F - dr only depends on the end points if F = V f for some f

(6) Path C' = C, U Cs.
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First we parametrise C; and Cy; that is, we determine a position vector r(t) = z(t)i+y(t)j.
Ci: z(t)=t, y(t)=0: 0<t<2.
r(t)—t1:>r() i.
Cy: z(t)=t, yt)=2t—4: 2<t<3.
r(t): +2t—4)j=1r'(t) =i+ 2j.
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We use [ (Fidx + Fydr) = [ F(r(t))-v'(t)dt = [, F(r(t)) -v'(t)dt+ [, F(x(t))-v'(t)dt.
Here F = zyi + (z — y)j.

Over (4, F(r(t)) = 01 + (t —0)j = tj and r'(t) = i. Hence F(r(t)) - r'(t) = 0. So
Jo, Fx(t)) - r'(t)dt =

Over Cy, F(r(t)) = (2t — 4+ (t— (2t —4)j= (22 —4t)i+ (—t+4)j and () = i+ 2j.
Hence F(r(t)) - v'(t) = 2t> — 4t + 2(—t + 4) = 2t> — 6t + 8.

3

/C F(r(t))-r'(t)dt = /23(2t2 — 6t + 8)dt = Et?’ —3t* + St}
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Thus [ (Fide 4 Fydx) =0+ 1 = 4.

Note: in this case, it is unnecessary to parametrise the curve with respect to the parameter
t, because x is already a suitable parameter. However, we have preferred to illustrate the
more general approach.
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Setting Fy = 3z%y? and F, = 223y we see that aa—}; = 622y = 22,

ox

This implies F' = (Fy, F}) is a conservative vector field. This means there exist a scalar
field f such that

_ of o0
F=vi-GLa

First % = 32%y? Integrating this we get

fla,y) = 2°y* + g(y)
Differentiating this and setting equal to F, we get

of

= 20°y + ¢'(y) = Fa = 22%y

This means that ¢’(y) = 0. Integrating we have g(z) = constant = k and
f(z,y) = 23y* + k. The fundumental theorem of line integrals is :

/A Vfdr = [(B) — f(A)
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In our case A = (0,0) and B = (1,0) and so

/ 3a%y*dx + 22%ydy = f(1,0) — £(0,0)=0-0=0
C



