DEPARTMENT OF MATHEMATICS

MATH2000 Hyperbolic functions solutions
(1) For /%, set u = 2% = du = 2zdx
T
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Now set u = sinht = du = coshtdt. Now the integral is:
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(2) Let y = arcoshx = x = coshy (for y > 0,2 > 1)
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Using the quadratic formula:
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But since y > 0,e¥ > 1 Vy, and x — Va2 — 1 < 1 for z > 1, we have
e =r+Vrz—1

=y=In (a: + Va2 — 1) as required.
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(3) Using the hint:
/ arsinhzdx = / l.arsinhxdx

Setting v’ = 1, v = arsinhz, we get u = z,v" = m

= [ arsinhzdx = z.arsinhz — /
/ v1+ 1:2

Setting w = 1 + 22 = dw = 2x.

dw
\/_

= / arsinhzdr = z.arsinhx — —

= z.arsinhz — V1 + 22 +¢

= artanh u = z 4+ ¢ (note |u| < 1)
= u = tanh(x + ¢)
dy

= = tanh(z + ¢)
/ sinh(z + ¢) dx
=y =
cosh(x + ¢)

= In|cosh(z + ¢)| + k.
Note that having u = £1 gives a solution y(z) = £z + ¢. However, these don’t satisfy

the condition —z < 1.
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(5) For (d—;é> — (%) +4=0,set u= % Then:



Setting u = 2cosht (note |u| > 2 is given), u?> — 4 = 4cosh®t — 4 = 4sinh®¢t

du = 2sinh tdt

du
= ———— = [dt= RHS. =+ [ d
/\/u2—4 / /a;

= t=2x+c
= arcosh (g) =tz +c
= u = 2cosh(+x + ¢).

For u to satisfy the given condition |u| > 2 for = # 0, we must have ¢ = 0. Note also that
cosh is an even function, so that cosh(—x) = cosh z. Therefore without loss of generality,

we have
u = 2 cosh(x)

= y:2/cosh (x)dx
= y = 2sinh (z) + k.

> 2.

d
Note that y(x) = £2x+ ¢ would also satisfy the equation, but not the condition d_y
x

(6) (a) Recall the Taylor series expansion for e”:
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Now i? = -1, @ =ixi’=i(—1)=—i, i*=ixi®=i(—i)=—i"=1,
PP =ixit=i(1)=1i, ®=ixi®=i(i)=14>=—1ectc.
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Since the terms in brackets are the Taylor series of cosx and sin x respectively, we
have
e = cosx +isinzx.
Recall the Taylor series for e”, sinz and cos x converge for any .
(b) By definition

B et — e % e + e % B (693)2 . (671)2) B 6223 - 672x _
RHS =2 x 5 X 5 = 5 = 5 = LHS

(c) Since sinh(2iz) = isin(2x) we have
isin(2z) = 2sinh(iz) cosh(iz) = 2isinx cos x

= sin(2z) = 2sinz cos .



