DEPARTMENT OF MATHEMATICS

MATH2000
Nonhomogeneous Linear Second Order ODEs solutions.

(1)

(2)

(3)

(4)

To find yg use yg = ™ som?> +m—2= (m+2)(m —1) = 0 s0 yg = c1e 2 + cye®.
To find y, use table to select y = Asinx + Bcosz, so y = Acosz — Bsinz and y’ =
—Asinx — Bcosz. Sub into equation

(=3B + A)cosx + (—3A — B)sinz = 10cosz + 0 X sinz.

Which leads to (i) -3B+A=10 and (ii) -3A-B=0. Now 3x (i) + (ii) gives —10B = 30 so
B = —3 and (i) gives 34 = —B so A = 1. Thus y, = sinx — 3cosz and the general
solution is

Y=1yn+y,=cre 4 ce” +sinxr — 3cosm.

yg = €™ gives m* —3m+2 = (m —1)(m —2) = 0 s0 yg = c1€” + 2e**. Now () is
part of yp so try y, = Aze®. Now y, = Ae* + Aze*” and y) = 2Ae*" + 2Ae* + 2Aze*”
Sub into equation gives

Adxe®™ + 4e* — 3(Ae* + A27e®*) + 2Axe™ = Ae** = e**

so A = 1 and general solution is y = yg +y, = c1e* +c2e** +ze*. Now y(0) = ¢1+c2 = 2,
and y'(x) = c1€® + 2ce** + e** + xe*” 50 y'(0) = 0 = ¢; + 2¢co + 1 = 0. Solving gives
¢y = —3and ¢; =5 so

y = be® — 3e** 4 xe*”.
Find y, = ™. Find m? +2m = m(m + 2) = 0 50 yp = 1" + e 2 = ¢; + cpe™ 2.
Note the RHS=1 is part of y; so try y, = Az x 1 + B (the B is not needed). y, = A and
y, = 0 which means y,, is a solution if 24 =1 or A = % Thus the general solutions is

1
y=ci + e T + éx

Because y does not appear in the original equation you let w = 3’ and the equation
becomes first-order linear in w.

To solve iy’ —y' — 6y = 1 + 622, first solve the homogeneous equation 3"’ — ' — 6y = 0
for yy, then use the method of undetermined coefficients to find yp. The general solution
will be y = yg + yp.

The equation y” — ¢y’ — 6y = 0 has characteristic equation
AN—A=6 = 0
= A=3)(A+2) = 0
= A = 3,-2
= yg = A + Be ™.
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(5)

For yp, we make the guess

yp = a-+bx+ cx?
= yp = b+2
= yp = 2c

This guess is based on the form of the right hand side of the ODE. Substituting into the
nonhomogeneous ODE gives

Yh—1yp—6yp = 2¢—0b—2cx — 6a — 6bxr — 6cx?
= 1+ 627

Equating the coefficients of 1, x, 22 gives

—6c = 6,
—2c—6b = 0,
2c—b—6a = 1

Back substitution then gives ¢ = =1 = b = 1/3 = a = —5/9. Therefore the general
solution is -
y(r) =y +yp = Ae* + Be ¥ — 9 + gx — 2.

The first derivative is )
y = 3Ae* — 2Be™** + 3 2.

We now impose the inital conditions

1 5

0) = —=A+B—>

y(0) 3 + 3
4 1
"0) = —=34A—2B+=
y'(0) 3 t3

which yields A =5/9, B = 1/3. The solution to the I.V.P. is then
1 5 1
6—2m 2

5
y(x)=§eg’3+§ —gt3r-

The general solution is of the form y = yy + yp where yy is the general solution to
y” +y = 0. This has characteristic equation

MN+1=0 = \=+i

= yy = Acosx + Bsinz.

Since sin z appears on the right hand side of the ODE and in yy, we guess that yp is of
the form

yp = axcosx + brsinx
= yp = acosx —arsinz+ bsinz + bxrcosw
= yp = —asinx —asinz —arcosx + bcosx + bcosw — brsinx.



Now substitute this into ¢y’ +y = sinx

= —2asinx —axcosx +2bcosx —brsinx +axrcosx +brsinr = sinx

= —2asinx + 2bcosx = sinz
= L b=0
a = — =
2 )
1
= yp = —556 cos T
Therefore the general solution is

1
y(x) =yy +yp = Acosz + Bsinz — gL cosT.

To impose the initial conditions, we need the first derivative which is

1 1
Yy = —Asinz + Bcosx — §cosrlr—l— §:vsinx

= yl0)=1 = A
and y'(0)

1 1
0 = B-- = B=_.
2 2

Therefore the solution to the I.V.P. is

1 . 1
y(x) = cosx + 5 sine — jwcosz.

(6) The homogeneous equation is " + 44’ + & = 0, with i = e™ we have m? + 4m + 8 = 0,
now b? —dac = —16 < 0 som = —2 £ 2i. So
i = cre % cos(2t) + coe ™2 sin(2t)
(a) Since RHS=0 the general solution is i(t) = i, — 0 as t — 0.
(b) We try the solution i, = A, which gives us 84 =1 or A =1/8. Thus
1
i(t) = cre”? cos(2t) + coe”* sin(2t) + 3

Ast — oo i(t) — 1/8.
(c) We try the solution i, = Acos(2t) + Bsin(2t) so i, = —2Asin(2t) + 2B cos(2t),
iy = —4Acos(2t) — 4B sin(2t). Sub into equation

(—4A + 8B + 8A) cos(2t) + (—4B — 8A + 8B) sin(2t) = 20 cos(2t) + 0sin(2t).

Solving the second equation gives B = 2A, which gives from the first equation
16A+4A=200r A=1.

i(t) = cre " cos(2t) + coe ' sin(2t) + cos(2t) + 2sin(2t)

As t — oo we have
i(t) = cos(2t) + 2sin(2t)

which is the steady state current.



(7) Solution will be of the form y = yy + yp, where yg solves the homogeneous part
(y" + 4y = 0) and yp is the particular solution. yy has the characteristic equation:

AN 4+4=0
= A=0+2i

= yy = Acos2x + Bsin2x

Since cos 2z appears in yg and the right hand side of the ODE, we guess that the solution
yp is of the form

yp = ax cos 2x + bx sin 2x
yp = acos2x — 2ax sin 2z + bsin 2x + 2bx cos 2z
yp = —4asin 2z — 4ax cos 2x + 4b cos 2x — 4bx sin 2x

Substituting this into the ODE:

—4asin 2x + 4bcos 2x = cos 2x

=a=0,b=

1

1
4
= yp = szin2x

1
= y = Acos2x + Bsin2zr + szian

Now using the initial conditions:
y(0)=2=A4

1 1
y' = —2Asin 2z + 2B cos 2x + 1 sin 2z + 5 cos 2

1
= y(x) = 2cos 2z + sin 2z + 2% sin 2z

(8) Solution will be of the form y = yy + yp, where yg solves the homogenous part
(y" — 6y’ + 9y = 0) and yp is the particular solution. yy has the characteristic equation:

(A=3)*=0
= A=3
= yy = Ae’ + Bxe™”
Since the double root A = 3 appears in yy, we guess that yp has the form

yp = ax’e3® + bcosx + csinx

Yp = 2axe® + 3ax’e® — bsinx + ccos
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Y = 2ae* + 12aze® + 9ar?e® — bcosx — csinw

Substituting this into the ODE:

2ae*" + (8b — 6¢) cos x + (8c + 6b) sinz = 4e** + 14 cos

28 21
= =2b=—c=——
TRV T T s
28 21
y(r) = Ae* + Bxe® + 222%™ + 25 COST — 5o sin x
3x 3x 3x 3x 2 3z 28 : 21
Y (z) = 3Ae> + Be’ + 3Bxe™ + 4xe’™ + 62’ — 5p ST — 5 cosz

28 72
A+ —=4= A=—

y0)=A+ 3 25

21 14
"0)=3A+B—-—=5=DB=——
72 14 28 21
y(zr) = 2—563$ - gxe?’x + 22%e% 4 o7 COST — 5o sin
9) Assuming yy = 2, we get:
(
A = Da* + A2t —n%2t =0
N —n?t=0
= A==£n
= y=a", ypo=a "
B
= yg=Az" + s
Using variation of parameters, r = 2™ 2 and W = y1y5 — vy, = —2?”, S0:

u = / P2 (lectures)

_ / A
2n
1

= — [ a™ " dx
2n

Xz

m—n

2n(m —n)



yr
v = — [ Z=—=dx (lectures
[ (ectues)
n m—2
_ / AR
2n
1
= — [ ™y
2n
xm—i—n
- 2n(m+n)
=Yp = uyr +vys
B mmfnl.n l.ernxfn
~ 2n(m—n) 2n(m+n)
- m2 — n2
So now we have y = yy + yp
B z™
y=A"+ —+—F——
T m2 —n

(10) Solution will be of the form y = yy + yp, where yg solves the homogenous part
(y" — 2y’ +y = 0) and yp is the particular solution. yy has the characteristic equation:

AN —22+1=0

= A =1 (double root)
= yy = Ae” + Bxe”®

To find yp, we use variation of parameters, where we set yp = u(x)y; + v(z)ys.

From lectures, Wronksian, W, is:

/ ! 2x 2x
Y1Ys — Yoy = € +xe™ — xe

And using the formulae for u and v:

u

2x 2x

=€




So the general solution is

y:Aem—i—Bq;eI—i—e—.

(11)

Since RHS is not of a simple form use method of V of P’s. Try y, = e™

xT

2z

¥ which gives

m?>—2m+1=(m—1)>=0s0y; = €” and yo = ze”. Find u; and uy such that y, =
uy1 + ugys satisfies the equation. Note W (x) = y1yh — y/jyo = €®(e” + we®) — re®e” = **

v _ yor(z) _
U = W) dr = /
“T ) W
So

2 7

T = T 2 3
Yp = U1Y1 + UgYp = € (—?$2 + 1) +re(zx2 4 ) =

3
retfrze” 5 2 7
————dr = — [ x2dxr = —=x2 4+ ¢
e 7

€2x

r(z) erxe” 2
h d:v:/ da::/xgd$:gxg+02

4 4
——r2e” + C1Y1 + C2YYo,

) 35

which is the general solution since we incorporated the constants ¢;.

(12)
Therefore,

For yy, solve y"" +y = 0. This has characteristic equation A\* + 1 = 0, so that A\ = 4.

yy = Acosx + Bsinzx.

We use variation of parameters, with

W =wys —yye =
= u =

and v =

cosT, Yo =sinwT
cos T
cotxr = —
sin x

cosxcosx — (—sinz)sinx = 1.

Yol . COS T
— | ZY—dzx=— [ sinx- ——dx
%74 sin x
—cosxdxr = —sinx,

Yol cosS
“——dx = | cosx - ——dx
W sin x
2
cos“ x
. dx
sin x
1 —sin’z
—dzx
sin x
dx
- — [ sinxzdx
sin x
sin x
——dr +cosx
sin® x
sinx
—zdx + cos zx.
1 —cos?z
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We make the substitution t = cosx = in the integral dt = — sin zdx

_ / di
v = — COST
1 —¢2

= dat = at + cosz (partial fractions)
= — [ ——= | — x (partial fraction
2) 11—t 2) 1+¢ P

N TR SN T
= 211 211 COS T

1—t
1+t
1 —cosz

In

+ cosx

1
2
1
= In

= cosx
5 +

1+coszx

1 —cosxz .
—— | + Sl X CoST

1
= = —cosxsinxz + —sinzln
yp 2 1+coszx

1

. 1 —cosz
= —sinzln
2

1+ cosx
The general solution is then

1 —cosx

1
y=Acosz+ Bsinz + —sinzIn
2 1+ cosx



