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MATH2100 — ADVANCED MATHEMATICAL ANALYSIS
Second Semester Examination, November, 2004 (continued)

Q1. (a) Sketch the trajectories of the following system in the phase plane,
indicating the direction of flow, and classify the type and stability of the
fixed point at the origin.

(

ẏ1

ẏ2

)

=

(

2 3
0 −1

) (

y1

y2

)

State the equation of any straight line trajectories.
State (briefly) why the direction of flow is as you have indicated.

(8.5 marks)

Question 1 continued on next page. TURN OVER
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MATH2100 — ADVANCED MATHEMATICAL ANALYSIS
Second Semester Examination, November, 2004 (continued)

Q 1 (a). Working space only

Question 1 continued on next page. TURN OVER
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MATH2100 — ADVANCED MATHEMATICAL ANALYSIS
Second Semester Examination, November, 2004 (continued)

Q1. (b) Find all the critical points for the following nonlinear system.

(

ṙ
ṡ

)

=

(

3r − rs − r2

−s + 2rs

)

Then use Linearization to find the type and stability of the critical point
that does not lie on an axis, i.e. for which r 6= 0 AND s 6= 0.

(8 marks)

Question 1 continued on next page. TURN OVER



5

MATH2100 — ADVANCED MATHEMATICAL ANALYSIS
Second Semester Examination, November, 2004 (continued)

Q 1 (b). Working space only

Question 2 on next page. TURN OVER
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MATH2100 — ADVANCED MATHEMATICAL ANALYSIS
Second Semester Examination, November, 2004 (continued)

Q2. (a) Prove that the Laplace Transform of

f(t) =

{

t
3

t < 3
3 ≤ t

]

is F (s) =
1

s2
− e−3s

s2

State clearly any theorems that you use. (4 marks)

Question 2 continued on next page. TURN OVER
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MATH2100 — ADVANCED MATHEMATICAL ANALYSIS
Second Semester Examination, November, 2004 (continued)

Q2. (b) Use Laplace Transforms to solve the following initial value problem.

ÿ + 9y = f(t) =

{

t
3

t < 3
3 ≤ t

]

with y(0) = 1 and ẏ(0) = 0

(12 marks)

Question 2 continued on next page. TURN OVER
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MATH2100 — ADVANCED MATHEMATICAL ANALYSIS
Second Semester Examination, November, 2004 (continued)

Q 2 (b). Working space only

Question 3 continued on next page. TURN OVER
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MATH2100 — ADVANCED MATHEMATICAL ANALYSIS
Second Semester Examination, November, 2004 (continued)

Q 3 (a). Show that the Fourier Series corresponding to the function defined by

f(x) = α , −L < x < 0 ; f(x) = β , 0 < x < L ;

and f(x + 2L) = f(x) , −∞ < x < ∞ ,

where α and β are constants, is given by

1

2
(α + β) − 2(α − β)

π

∞
∑

m=1

1

(2m − 1)
sin

[

(2m − 1)πx

L

]

. (?)

(8.5 marks )

Question 3 continued on next page. TURN OVER
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MATH2100 — ADVANCED MATHEMATICAL ANALYSIS
Second Semester Examination, November, 2004 (continued)

Q 3 (a). Working space only

Question 3 continued on next page. TURN OVER
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MATH2100 — ADVANCED MATHEMATICAL ANALYSIS
Second Semester Examination, November, 2004 (continued)

Q 3 (b). Briefly explain the value taken by the series (?) at x = 0.

(2.5 marks )

Q 3 (c). By considering the value to which the series (?) must converge at x = L/2 deduce
that

1 − 1

3
+

1

5
− · · · =

π

4
.

(3 marks)

Question 3 continued on next page. TURN OVER
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MATH2100 — ADVANCED MATHEMATICAL ANALYSIS
Second Semester Examination, November, 2004 (continued)

Q 3 (d). Describe and explain in a few words what happens to the series (?) when (a) α = β
and (b) α = −β.

(2.5 marks )

Question 4 see next page. TURN OVER
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MATH2100 — ADVANCED MATHEMATICAL ANALYSIS
Second Semester Examination, November, 2004 (continued)

Q 4 (a). You are given (no need to check!) that the function G(x − y, t) defined by

G(x − y, t) =
1√

4πc2t
e−(x−y)2/(4c2t)

satisfies

Gt(x − y, t) = c2Gxx(x − y, t) , −∞ < x < ∞ , t > 0 .

Show that u(x, t) defined by

u(x, t) =

∫

∞

−∞

G(x − y, t)f(y) dy

satisfies the 1-dimensional Heat Equation for −∞ < x < ∞ and t > 0, and also the
initial condition

lim
t→0+

u(x, t) = f(x) , −∞ < x < ∞ .

(4.5 marks )

Question 4 continued on next page. TURN OVER
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MATH2100 — ADVANCED MATHEMATICAL ANALYSIS
Second Semester Examination, November, 2004 (continued)

Q 4 (a). Working space only

Question 4 continued on next page. TURN OVER
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MATH2100 — ADVANCED MATHEMATICAL ANALYSIS
Second Semester Examination, November, 2004 (continued)

Q 4 (b). A very long cylindrical iron bar, with unknown thermal diffusivity c2, lies along the
positive x-axis . The sides of the bar and the end at x = 0 are thermally insulated,
and the temperature u inside the bar is a function only of x and of time t. The
temperature distribution in the bar at t = 0 is given by

u(x, 0) = F (x) =

{

u0 (const.) , 0 < x < L
0 , L < x < ∞ .

Deduce that

u(x, t) =
1

2
u0

{

erf

(

x + L√
4c2t

)

− erf

(

x − L√
4c2t

)}

for x > 0, t > 0, where

erf(z) =
2√
π

∫ z

0

e−v2

dv .

(9 marks)

Question 4 continued on next page. TURN OVER
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MATH2100 — ADVANCED MATHEMATICAL ANALYSIS
Second Semester Examination, November, 2004 (continued)

Q 4 (b). Working space only

Question 4 continued on next page. TURN OVER
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MATH2100 — ADVANCED MATHEMATICAL ANALYSIS
Second Semester Examination, November, 2004 (continued)

Q 4 (c). Given that erf(0.5)≈ 0.5, deduce that the thermal diffusivity c2 is given approxi-
mately by

c2 = L2/t1 ,

where t1 is the time taken for the temperature at the face x = 0 to reach the value
u0/2.

(2.5 marks)

Table of laplace Transforms on next page. TURN OVER



18

MATH2100 — ADVANCED MATHEMATICAL ANALYSIS
Second Semester Examination, November, 2004 (continued)

Table of Laplace Transforms

f(t) F (s)

K
K

s

tn
n!

sn+1

eat 1

s − a

cos(αt)
s

s2 + α2

sin(αt)
α

s2 + α2

eatf(t) F (s − a)

f(t−k)u(t−k) =

{

0
f(t − k)

t < k
k ≤ t

]

e−ksF (s)

∫ t

0

f(τ)g(t − τ)dτ F (s)G(s)

f (n)(t) snF (s) − sn−1f(0) − ... − fn−1(0)
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