MATH2300 Assignment One
Due Tuesday August 10th at 5pm (Hand in to Room 67-448)

1. (a) Consider the system of equations where a,b,c € R:

r + y + 2z2= a
x + 2= 5>
2r + y + 3z= c

Show that in order for this system to be consistent, a, b and ¢ must satisfy
¢ = a + b. Now suppose that the system is homogeneous. Give a basis for the
solution space and state its dimension.

(b) For which values of a € R will the following system have no solutions?
Exactly one solution? Infinitely many solutions?

zr + 2y + 3z = 4
3z + 8y — z = 2
4z + 10y + (a*>—23)z= a+1

2. (a) Let V' be a real vector space with addition + and scalar multiplication - and
let p be a fixed vector in V. Define a new addition and scalar multiplication on
V by the formulae

udv = u+v+p
t@v = t-v+(t—1)-p

for all u,v € V, t € R. Show that V is also a vector space under the new op-
erations. Explicitly state the zero vector and the inverse of an arbitrary vector
wevV.

(b) Define a new vector addition on R? by

(21,91) © (T2, 1) = (\/3512 + 92, \/?Jl2 + y22?)

Alas! R? with this addition and the standard scalar multiplication is NOT a
vector space. Which axiom fails? Provide a counterexample demonstrating this.

3. (a) If U and V are subspaces of a vector space W, prove that the subset of W
defined by U +V ={u+v|ue Uv € V} is also a subspace of W.

(b) If U; and U, are subspaces of a vector space V and U; UUs is also a subspace
of V, prove that U; C U, or Uy, C Us.
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4. Let A € M,»,(R) and let U be the subset of M, ,(R) defined by
U={X € M,x,(R)| AX = XA}

(a) Prove that U is a subspace of M., (R).
(b) Find a basis for U when

.A:“ (1’]
oA:{E)\ 2} A

Hint: You may assume the following facts:
(i) Matrix multiplication is associative.
(ii) Matrix multiplication is left and right distributive over matrix addition.
(iii) If « is a scalar and A and B are matrices of the appropriate
sizes, then («¢A)B = A(aB) = a(AB).

5. (a) Determine the dimensions of the following subspaces of R*.
(i) All vectors of the form (a,b,c,0)
(ii) All vectors of the form (a,b,c,d) where d=a+band c=a—b
(iii) All vectors of the form (a, b, c,d) where a =b=c=4d

(b) Show that the vector space of all real-valued functions defined on the entire
real line is infinite-dimensional. (Hint: Assume it is finite-dimensional with
dimension n, and obtain a contradiction by producing n+1 linearly independent
vectors.)

6. (a) Let V be the vector space Py. Let 8 = {1,x,2%} and v = {1+z, 1+22, v+2?}
be two bases for V. Calculate the change of basis matrix from § to . Use this
to calculate [3 + = + —227%],.

(b) Let § be a basis for an n-dimensional real vector space V. Show that if

Vi1, Vs, ..., Vv, form a linearly independent set of vectors in V', then the coor-

dinate vectors [v1]g, [V2]s, - - -, [Ve]s form a linearly independent set in R”. Simi-

larly, show that if v, va, ..., vy span V, then the coordinate vectors [v1]g, [Vas, - - -, [Vr]s
span R". Conclude that vy, v, ..., vy, form a basis for V' if and only if [v1]g, [V2]s, - . -, [Vals

form a basis for R".



