1 BASICS OF LINEAR ALGEBRA

Quantum physics, mechanics, Wall Street and environmental management - what
do all these things have in common? The answer, of course, is systems of linear
equations. That’s right folks, whether you’re looking at the Heisenberg Uncertainty
Principle or controlling the amount of waste that pollutes our oceans, you're going to
be interested in the study of systems of linear equations. In this section some basic
terminology will be introduced, along with a method for solving such systems.

1.1 Basic Definitions

Definitions

e A linear equation in n variables x, zo, ..., %, is one that can be expressed
in the form

ax1+ asxe + ...+ aT, =b

where aq, as, ..., a,, and b are real constants. The variables in a linear equation

are sometimes called the unknowns.

e An arbitrary system of m linear equations in n unknowns is one that can
be written as

a1121 + a19%2 + -+ A1pTpy = bl

(21T1 + Q22T2 + -+ + + QopTp = by

Am1T1 + QpaXo + - - - + App Ty = bm

where once again x, 9, -, x, are the unknowns and the subscripted a’s and

b’s denote constants.

e A system of linear equations is said to be homogenous if the constant terms

are all zero; that is, the system has the form:
111 + a12T2 + *+ + + ATy = 0

9171 + A99T9 + -+ AonTy = 0

Am1T1 + Q2o + * <+ + Gmp Ty = 0



e A sequence of numbers sq, s, ..., s, is called a solution of the system if z; =

S1,Ty = S2,...,T, = S, is a solution of every equation in the system.

Example

The following equations constitute a system of 2 linear equations in 3 unknowns.
4.T1 — T + 3.%‘3 =-1

3:61 + o + 9%3 =—4

The system has the solution z; = 1,29 = 2,23 = —1 since these values satisfy both
equations. The set of values z1 = 1,29 = 8,23 = 1 is not a solution since these values

satisfy only the first of the two equations.

1.2 Solving a System of Linear Equations
1.2.1 The Augmented Matrix

Remembering that an arbitrary system of m linear equations in n unknowns can be
written as:

a11T1 + 122 + ... + ATy = b1

(9121 + Q9o + ...+ AonTy = b2

Am1T1 + QaXo + ... + QG Zn = b

If one mentally keeps track of the +’s, the x’s, and the =’s, then a system of m linear
equations in n unknowns can be completely described by writing only the rectangular

array of constants:

ai; a2 a1, by
a1 Qa2 aon, b
Um1 Q2 Qmn bm

Such a matrix is referred to as the augmented matrix of the system.
Remark
When constructing an augmented matrix, the unknowns must appear in the same

order in each equation and the constants must be on the right.



1.2.2 Elementary Row Operations

As you perhaps have discovered in (numerous!) previous subjects, the basic method
for solving a system of linear equations is to replace the given system with a set that
has the same solution set but is easier to solve. By applying the below three types of

operation, unknowns are eliminated systematically without altering the solution set.

1. Multiply an equation through by a nonzero constant.
2. Interchange two equations.

3. Add a multiple of one equation to another.

Since the rows of an augmented matrix correspond to the equations in the associated
system, these three operations correspond to the following operations on the rows of

the augmented matrix. These operations are called elementary row operations.

Definitions
e The three elementary row operations are:

1. Multiplying row ¢ by a non-zero constant ¢:

R; — tR;
2. Interchange rows ¢ and j:
R; < R;
3. Adding t times row 7 to row j:
R; — R; + 1R,

e Matrix A is row-equivalent to matrix B if B is obtained from A by a sequence
of elementary row operations. Clearly if B is row-equivalent to A then A is row-

equivalent to B.

Remark
Elementary row operations can be used to convert an augmented matrix into a special
form, called the reduced row-echelon form, without changing the solution set. Once

the conversion is complete the solution set is easily obtained.



1.2.3 Reduced Row-Echelon Form

Definitions

e A matrix is in reduced row-echelon form or rref for short when the following

four conditions are satisfied:

1. If a row does not consist entirely of zeros, then the first nonzero number
in the row is a 1. (This is called a leading 1.)

2. If there are any rows that consists entirely of zeros, then they are grouped

together at the bottom of the matrix.

3. In any two successive rows that do not consist entirely of zeros, the leading
1 in the lower row occurs farther to the right than the leading 1 in the

higher row.

4. Each column that contains a leading 1 has zeros everywhere else.

e A matrix having properties 1, 2 and 3 (but not necessarily 4) is said to be in
row echelon form or ref for short.

Examples

e The following matrices are in reduced row-echelon form:

01 -2 01
100 4 1 00
00 013
010 7 010
00 0O0O
001 -1 0 01
00 0O0O
e The following matrices are in row-echelon form:
1437 110 012 60
016 2 010 001 —-10
00135 000 000 01

Remark It can be shown that every matrix has a unique reduced row-echelon form.



1.2.4 Gauss Jordan Algorithm

Let A be the augmented matrix that completely describes a given system of m linear
equations in n unknowns. It has already been stated that the solution set of this
system can be easily obtained from the rref of A. The Gauss Jordan Algorithm
converts A to its (unique) reduced row-echelon form using elementary row operations.
The procedure is outlined below. As each step is stated, the idea will be illustrated

by reducing the following matrix to reduced row-echelon form.

00 -20 7 12
2 4 —-10 6 12 28
24 —-56 -5 -1
1. Locate the left most column that does not consist entirely of zeros. In the case

above this is column one.

2. Interchange the top row with another row, if necessary, to bring a nonzero entry

to the top of the column found in Step 1.

Ry < Ry

2 4 -10 6 12 28
00 =20 7 12
24 -5 6 -5 -1

3. If the entry that is now at the top of the column found in Step 1 is a, multiply
the first row by % in order to introduce a leading 1.

1
R1 — §R1

12 -5 3 6 14
00 -20 7 12
24 56 =5 -1

4. Add suitable multiples of the top row to the rows below so that all entries below

the leading 1 become zeros.
R3 — R3 + —2R1

1 2 -5 3 6 14
00 -2 0 7 12
00 50 —-17 =29



5. Now cover the top row in the matrix and begin again with Step 1 applied to
the submatrix that remains. Continue in this way until the entire matrix is
in row-echelon form. In this case the next leftmost nonzero column is column

three.

12 -53 6 14
By = R {00 10 = -6
00 50 —17 —29
12 -53 6 14
R3 = Rs3+—5R, | 00 10 5 —6
00 00 3 1
12 -53 6 14
R3—2R3 |0 0 10 3¢ —6
00 00 1 2

The entire matrix is now in row-echelon form. To find the reduced row-echelon

form the following step is needed.

6. Beginning with the last nonzero row and working upward, add suitable multiples
of each row to the rows above to introduce zeros above the leading 1’s.

. 1 2 -5 3 6 14
R2—>R2+§R3 00 1 00 1
00 001 2

12 =530 2]
Ri—-R+-6R;|[00 100 1
00 001 2]

1 0307

R — R +5Ry | 0 1 001
000O0T1 2



1.3 Consistent and Inconsistent Systems

Definitions
e A system of linear equations that has no solution is said to be inconsistent.

e A system of linear equations with at least one solution is said to be consistent.

1.3.1 Demonstration of Inconsistent and Consistent Systems in the x —y

Plane

To illustrate the possibilities that can occur in solving systems of linear equations,

consider a general system of two linear equations in the unknowns x and y:
T + bly =C — ll

Ao + b2y =Cy — 12

(NB a; and b; not both zero and ay and by not both zero). The graphs of these
equations are lines: call them /; and l;. Since a point (z,y) lies on a line if and
only if the numbers z and y satisfy the equation of the line, the solutions of the
system of equations correspond to points of intersection of /; and l,. There are three

possibilities:

e The lines /; and l; may be parallel, in which case there is no intersection and
consequently no solution to the system. Thus the system of equations is said

to be inconsistent.

e The lines [; and [, may intersect at only one point, in which case the system has

exactly one solution. Thus the system of equations is said to be consistent.

e The lines /; and [, may coincide, in which case there are infinitely many points
of intersection and consequently infinitely many solutions to the system. Thus

this system is also said to be consistent.

Although we have only demonstrated this for a special case, it can be shown in

general that the following theorem holds.

Theorem 1.1. FEvery system of linear equations has either no solutions, exactly one

solution, or infinitely many solutions.



1.4 Solving Homogenous Systems of Linear Equations

We solve the homogenous system of linear equations below:

21‘1+ 2$2— I3 + 5= 0
—T1— Xo+ 2x3— 3r4+ 5= 0
1+ To— 21’3 — Ty = 0
T3+ Ty+ X5 = 0
The augmented matrix for the system is:
2 2 —1 0 1 0
-1 -1 2 -3 10
1 1 -2 0 -10
0 0 1 1 10
Reducing the matrix to rref, we obtain:
110010
001010
000100
000O0O0O
The corresponding system of equations is:
1+ To + x5 = 0
T3 + x5 = 0
T4 =0
Solve each equation for the leading variables.
T1 = —T2 — Tjp
I3 = —Ts
Ty = 0
Then the general solution is
T1=—8—1,19=5,13=—t, x4 =0,25 = 1.

Note that the trivial solution is obtained when s =% = 0.
This example illustrates two important points about solving a homogenous system
of linear equations:



e None of the three elementary row operations alter the final column of zero’s.
Therefore, the corresponding system of equations to the rref is also a homoge-

nous system of linear equations.

e Depending on the number of zero rows in the rref the number of equations in the
reduced system is less than or equal to the number of equations in the original

system.
These two observations are instrumental in proving the following theorem.

Theorem 1.2. A homogenous system of linear equations with more unknowns than

equations has infinitely many solutions

Proof. If a given homogenous system has m equations in n unknowns such that m < n,
and if there are r non-zero rows in the rref of the augmented matrix, it follows that
r < n. The system of equations corresponding to the rref of the augmented matrix
will have the following form:

STy +22() =0
" Tk +22() =0

o, +22() =0

where Zy,, Tg,, - - -, Tk, are the leading variables and » () denotes sums (possibly all

different) that involve the n — r free variables. Solving for the leading variables gives

xklz_Z()
xk2:_2()

$kr=—2()

As in the above example, arbitrary values can be assigned to the free variables on the

right hand side and thus infinitely many solutions are obtained for the system. [



1.5 Important Matrices

We define certain matrices which are of special significance in linear algebra:
Definitions

e Square matrices taking the form of 1’s on the main diagonal and 0’s off the
main diagonal, are called identity matrices. Such matrices are denoted by 1.
If it is important to emphasize the size, I,, shall be written to denote the n x n

identity matrix. For instance I3 is the matrix:

o O =
oS = O

0
0
1
If A is an m X n matrix, then

AL, =A and I,A=A

Thus an identity matrix plays much the same role in matrix arithmetic as the

number 1 plays in the numerical relationshipa-1=1-a = a.

e If A is a square matrix, and if a matrix B of the same size can be found such
that AB = BA = I, then A is said to be invertible or non-singular and B is

called the inverse of A. If A is not invertible it is said to be singular.

e A square matrix in which all of the entries off the main diagonal are zero is

called a diagonal matrix. Some examples are:

6 0 0 0
100

2 0 0 -4 00
010

0 -5 0 00
0 01

0 00 8

A general n x n diagonal matrix D can be written as

d 0 ... 0
0 do ... 0O
0 0 ... d

10



1.5.1 Properties of Diagonal Matrices

Diagonal matrices enjoy the following properties.

e A diagonal matrix is invertible if and only if all of its diagonal entries are

nonzero; in this case the inverse of the general form is

1
o 0
1
D—l — 0 d_z
0 O

Verify that DD~' = D 'D = I.

e Powers of diagonal matrices are easy to compute; once again it is left to the

reader to verify that if D is a the general diagonal matrix and & is any positive

integer, then

di* 0
Dk 0 dy”
0 0

e A diagonal matrix is its own transpose. That is, D = DT

e To multiply a matrix A on the left by a diagonal matrix D, one can multiply

successive rows of A by the successive diagonal entries of D.

d 0 0
0 do 0
0 0 ds

11 Qa2 Q13 Aa14
21 Q22 QA23 0A24

a31 Aazz2 33 Aa34

dyair
doras

dsazi

diaio
doags

dsaso

For example:

diais diais
d2a23 daasy

dsazs dsasa

e To multiply a matrix A on the right by a diagonal matrix D, one can multiply

successive columns of A by the successive diagonal entries of D. For example:

a1
21
a3y

Q41

Q12
Q22
a32

Q42

a
1 d 0 0
Qa
23 0 d, 0
a
33 0 0 ds
a43

11

dyaiq
dyag
dyas;

dyaq

daraio
daag
daass

doasy

dsaq3
d3ags
dsass

dsaqs



2 VECTOR SPACES AND SUBSPACES

What is a vector? Many are familiar with the concept of a vector as:

e something which has magnitude and direction.
e an ordered pair or triple.

e a description for such quantities as force, velocity and acceleration.

Such vectors belong to the foundation vector space - " - of all vector spaces. The
properties of general vector spaces are based on the properties of R™. It is therefore
helpful to consider briefly the nature of R".

2.1 The Vector Space R"

Definitions

e If n is a positive integer, then an ordered n-tuple is a sequence of n real
numbers (ai,as, ..., a,). The set of all ordered n-tuples is called n-space and
is denoted by R".

When n = 1 each ordered n-tuple consists of one real number, and so  may be
viewed as the set of real numbers. Take n = 2 and one has the set of all 2-tuples
which are more commonly known as ordered pairs. This set has the geometrical
interpretation of describing all points and directed line segments in the Cartesian z—y
plane. The vector space %2, likewise is the set of ordered triples, which describe all
points and directed line segments in 3-D space.

In the study of 3-space, the symbol (a1, as,a3) has two different geometric in-
terpretations: it can be interpreted as a point, in which case a,as and a3 are the
coordinates, or it can be interpreted as a vector, in which case a{,as; and a3 are
the components. It follows, therefore, that an ordered n-tuple (a;, as, ..., a,) can be
viewed as a ”generalized point” or a ”generalized vector” - the distinction is math-
ematically unimportant. Thus, we can describe the 5-tuple (1,2,3,4,5) either as a
point or a vector in R°.

Definitions

e Two vectors u = (uq,ug,...,u,) and v = (vy,v9,...,v,) in R™ are said to be
equal if

U = V1, U2 = V2y ..., Uy = Uy

12



The sum u+v is defined by
u+v=(u +v,Us+ Vo ..., Uy + Vp)
Let k£ be any scalar, then the scalar multiple ku is defined by

ku = (kuy, kuo, ..., kuy,)

These two operations of addition and scalar multiplication are called the stan-
dard operations on R".

The zero vector in R” is denoted by 0 and is defined to be the vector
0=1(0,0,...,0)
The negative (or additive inverse) of u is denoted by -u and is defined by
—u = (—uy, —Ugy ..., —Up)
The difference of vectors in R” is defined by

v—u=v+(—u)

The most important arithmetic properties of addition and scalar multiplication

of vectors in R" are listed in the following theorem. This theorem enables us to

manipulate vectors in R" without expressing the vectors in terms of components.

Theorem 2.1. Ifu = (uj,ug,...,u,), v = (v1,02,...,0,), and w = (wy, we, . .., Wy,)

are vectors in R™ and k and | are scalars, then:

1.

2.

ut+v=v+u
ut+(v+w)=(u+v)+w
u+0=0+u=u

u+ (—u) =0, that is, u—u=20
k(lu) = (kl)u
k(u+v)=ku+kv
(k+Du=ku+lu

lu = u.

13



2.2 Generalized Vector Spaces

The time has now come to generalize the concept of a vector. In this section a set of
axioms are stated, which if satisfied by a class of objects, entitles those objects to be
called “vectors”. The axioms were chosen by abstracting the most important prop-
erties (Theorem 2.1) of vectors in R"; as a consequence, vectors in " automatically
satisfy these axioms. Thus, the new concept of a vector, includes many new kinds
of vector without excluding the ‘common vector’. The new types of vectors include,
among other things, various kinds of matrices and functions. The work covered in
this section provides a powerful tool for the extension of geometrical visualisation
to a wide variety of important mathematical problems where geometric intuition is
otherwise unavailable. Briefly stated, the concept is this: It is possible to visualize
vectors in R? and N3 geometrically as arrows, which enables the drawing of physical
and mental pictures which aid the solution of the problem. Now the axioms used to
create the new kinds of vectors are based on the properties of vectors in R? and R3,
and therefore have many of the familiar properties of vectors in 2 and R3. Conse-
quently, the solving of problems involving the new kinds of vectors, say matrices or
functions, may be aided by visualizing geometrically what the corresponding problem
would be like in 12 or R3.

Definitions

e Let V be an arbitrary nonempty set of objects on which two operations are
defined, addition and multiplication by scalars (numbers). Addition is a rule
(not necessarily the standard rule) for associating with each pair of objects u
and v in V an object u+ v, called the sum of u and v; scalar multiplication
is a rule (not necessarily the standard rule) for associating with each scalar k
and each object u in V an object ku, called the scalar multiple of u by k. If
the following axioms are satisfied by all objects u,v,w in V and all scalars k
and [, then V is called a vector space and the objects in V' are called vectors.

1. If u and v are objects in V, then u +visin V.
2.u+v=v+u

J.ut+(v+w)=(u+v)+w

4

. There is an object 0 in V, called a zero vector for V', such that u+ 0 =
O+u=uforalluinV.

14



5. For each u in V| there is an object -u in V, called the negative of u, such
that u+ (—u) = —u+ u = 0;

If £ is any scalar and u is any object in V, then ku isin V.
k(lu) = (kl)u
kE(u+v)=ku+kv

© © N &

(k+Du=ku+lu
10. Tu=1u

Remark Depending on the application, scalars may be either real numbers or com-
plex numbers. Vector spaces in which the scalars are complex are referred to as
complex vector spaces. Vector spaces in which the scalars must be real are referred
to as real vector spaces.

It is important to remember that the definition of a vector space specifies neither
the nature of the vectors nor the operations. It is possible for any kind of object to
be a vector, and the operations of addition and scalar multiplication may not have
any relationship or similarity to the standard vector operations on R". The only
requirement is that the ten vector space axioms be satisfied. The notations & and
® are used in the notes for vector addition and scalar multiplication to distinguish

between these operations and the standard vector operations previously introduced.
Examples of Vector Spaces

A wide variety of mathematical objects and operations satisfy the definition of a
vector space. In each of the following examples, a nonempty set V' and two oper-
ations, addition and scalar multiplication, are specified. We then demonstrate that

each of the ten axioms are satisfied.

1. Show that the set V of all 2 x 2 matrices with real entries is a vector space
if vector addition is defined to be matrix addition and scalar multiplication is

defined to be matrix scalar multiplication.

In this example the axioms will be verified in the following order: 1, 6, 2, 3, 4,
5,7,8,9 and 10. Let

U1 Uiz V11 V12 w1 Wiz
u= v = and w = )
U1 U292 V21 V22 Wo1 Wa2

15



To prove axiom 1, it must be shown that u+ v is an object in V; that is, u+v

is a 2x2 matrix with real entries.

Uil + V11 Uiz + Vi

u u v v
u+v:[11 12]+[11 12

V21 V22

U1 U2 Ug1 + Va1 Uog + Voo

Similarly, axiom 6 holds because for any real number &
Uy U kuyp ku
b — k| Y Y2 | 11 12
U1 U2 kug1  kugg
so that ku is a 2x2 matrix with real entries and consequently is an object in
V.

Proving axiom 2:

U1l U2 V11 V12 U1 + V11 Uiz + V12
Uzl Uz Va1 Vaa Ug1 + Va1 Ugg + Vg
V11 + U1 V12 + Uig V11 V12 Ul Ui
Va1 + Ug1 V22 + Ugg Va1 Va2 Ug1 U2
Proving axiom 3:
U1 Uiz V11 V12 w1 Wiz
u+ (v+w)= + +
U1 U2z V21 Va2 Wa1 Wa2

V11 + Wi V12 + Wig

Uy1p Uiz
= +
U21  U22

Uty + Vi1 + W11 U2 + V12 + Wio

Vg1 + Wa1 Vo2 + Wa2

Ug1 + Va1 + War  Ugo + Vo2 + Wao

U1 + V11 Uiz + V12

Ug1 + V21 U + V22

wyy W
>+ [ e ] =(u+v)+w

Wo1 W22
To prove axiom 4, an object 0 must be found in V such that u+#0=0+u=20
for all uin V. Define 0 to be

00
0=

16
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With this definition

00
00

0+u=[ +

U1 Uiz Uyp Uiz

= =u
U1 U22 U21 U22
and since axiom 2 holds, u + 0 = u.

To prove axiom 5, it must be shown that for every object u in V' there is a

negative -u such that u + —u = 0 = —u + u. Let the negative of u be

—U1x —Ui2
_u fry
—U21 —U22

—Unn —Ui2 | 0 0 -0
—Ug1 —U22 0 0

With this definition

U1 U2
+
U21 U2

u+ (—u) = [

and from axiom 2 (—u) +u=0.

Proving axiom 7:
k(lu) =k (1 Uil Uiz — luy;  lugg _ kluy,  kluqo
Ug1 U lugy lugy klug,  klugy

=m[m1“”]=mm1

U21 U2

Proving axiom 8:

U1 + V11 U2 + V12

k(u+v) -k Ul U2 4 V11 V12 -k
Ug1  Ug2 Va1 Va2 U1 + V21 Uz + V22
N ku11 + k’UH kum + If’Ulg N kUH ku12 k’Un k’U12
]CUQl + k’l)gl kUQQ + k'UQQ ku21 ku22 ]ﬂ)gl k’l)gg

=kIMI“m]+k[“1””]:ku+mz

Vo1 V22

Proving axiom 9:

(k+u=(k+1)

Uyp Uiz ]

U21 U2

(k+Duyr (k4 Dup
(k+ Dugr (k4 uao

17



N kuu + lun kulz + lu12
ku21 + lu21 k'U,QQ + lu22

N [kun kuqo

l luir  lugg

=ku+lu
lugy  lug

kU21 ku22

...and finally, axiom 10 is a simple computation
Uy U Uy U
lu=1 1 Uiz | B
U1 U2 U21 U2
Therefore the set of all real 2 x 2 matrices, with matrix addition and matrix

scalar multiplication form a vector space.

. Let V' by the set of real-valued functions defined on the entire real line (—oo, 00).
If f = f(z) and g = g(z) are two such functions and & is any real number, define

the sum function f + g and the scalar multiple £f by
(f+g)(z) = f(z) + g(x)
(kf) () = kf(x)

It is again convenient to verify the axioms in the following order: 1, 6, 2, 3, 4,
5,7, 8,9 and 10.

To prove axiom 1 it must be shown that f + g is an object in V; that is it must

be shown that f + g is a real-valued function defined on the entire real line.
flz) eR V z € (—o0,00)

glx) eR V z € (—o00,00)

therefore
f+g)(z)=f(x)+g(x) eR V z€ (—00,00)

In the same way axiom 6 holds because for any real number & we have
(kf)(x) =kf(x) eR V z € (—00,00)
Proving axiom 2:
(f+g)(z) = f(z) +9(x) =g(z) + f(z) = (g + )(z) V =z € (—00,00)

18



Proving axiom 3:
(f+ (g + h))(z) = f(z) + (9(2) + h(z)) = f(2) + 9(z) + h(2)
= (f(2) +9(2)) + h(z) = (f +g) + h)(z) V 2z € (-00,00)

Proving axiom 4:

Let the 0 vector be the constant function that is identically zero for all values
of z.
f+0)(z)=f(x)+0=(0+f)(x)=f V =z € (~o0,00)

Proving axiom 5: Let the negative of f be -f = -f(x).
(f+(-f)(@) = f2) + —f(x) =0 V z € (-00,00)
Proving axiom 7:

(k+Df = (k+) f(z) = kf (2)+f(z) = (kf)()+ (k) (z) = K+ ¥V 2 € (—00, 00)

Proving axiom 8:

k(If) = k(1f (z)) = kif(z) = (k) f(z) = (kD)f V¥ =z € (—00,00)
Proving axiom 9:
(k(f+8))(z) = k(f (x)+g(2)) = kf (x)+kg(z) = (k) (x)+(kg)(z) V x € (—00,00)
Proving axiom 10:

f=1f(z)=f(z)=f V z € (—o0,00)

. Let V = %2 and let addition be the standard addition on Re?. If u = (uy, us)
and v = (vy,v7), and if k£ is any real number, then define scalar multiplication
to be:

ku = (kuy,0)

It can be shown that the first nine vector axioms hold. However there are values
of u for which axiom 10 fails to hold. For example, if u = (uy,uy) such that
ug # 0, then

lu = 1(uy,us) = (1-u1,0) = (ug,0) #u

Thus, V' is not a vector space with the stated operations.
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2.3 Some Properties of Vectors

More examples of vector spaces will be added to the list as the course continues. The
following theorem gives a useful set of vector properties, all of which may be easily

deduced from the axioms.

Theorem 2.2. Let V' be a vector space, u a vector in V', and k a scalar; then:
(a) Ou=0
(b) KO=0

(¢) (-u=—-u
(d) If ku=0, then k =0 or u=0.

2.4 Subspaces

It is possible for one vector space to be contained within a larger vector space. This
section will look closely at this important concept.
Definitions

e A subset W of a vector space V is called a subspace of V' if W is itself a vector

space under the addition and scalar multiplication defined on V.

In general, all ten vector space axioms must be verified to show that a set W with
addition and scalar multiplication forms a vector space. However, if W is part of a
larger set V' that is already known to be a vector space, then certain axioms need
not be verified for W, because they are “inherited” from V. For example, there is no
need to check that u+ v = v 4+ u (axiom 2) holds for W because this holds for all
vectors in V' and consequently holds for all vectors in W. Likewise, Axioms 3, 7, 8, 9
and 10 are inherited by W from V. Thus to show that W is a subspace of a vector
space V (and hence that W is a vector space), only Axioms 1, 4, 5 and 6 need to be
verified. The following theorem reduces this list even further by showing that even

Axioms 4 and 5 can be dispensed with.

Theorem 2.3. If W s a set of one or more vectors from a vector space V', then W

1s a subspace of V if and only if W is closed under addition and scalar multiplication.
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Proof. If W is a subspace of V', then all the vector space axioms are satisfied. In
particular, axioms 1 and 6 hold. (That is, W is closed under addition and scalar
multiplication.)

Conversely, assume W is closed under addition and scalar multiplication. Since
these conditions are vector space Axioms 1 and 6, it only remains to be shown that
W satisfies the remaining eight axioms. Axioms 2, 3, 7, 8, 9 and 10 are automatically
satisfied by the vectors in W since they are satisfied by all vectors in V. Therefore, to
complete the proof, we need only verify that Axioms 4 and 5 are satisfied by vectors
in W.

Let u be any vector in W. Since by assumption W is closed under scalar multi-
plication ku is in W for every scalar k. Setting k£ = 0, it follows from Theorem 2.2
that Ou = 0 is in W, and setting £ = —1, it follows that (—1)u=—uisin W. O

Remark Note that 0 is an element of any subspace V.

Examples of Subspaces

1. A plane through the origin of R3 forms a subspace of 2. This is evident
geometrically as follows: Let W be any plane through the origin and let u and
v be any vectors in W other than the zero vector. Then u 4 v must lie in W
because it is the diagonal of the parallelogram determined by u and v, and ku
must lie in W for any scalar £ because ku lies on a line through u. Thus, W is

closed under addition and scalar multiplication, so it is a subspace of 3.

2. A line through the origin of 2 is also a subspace of R3. Tt is evident geomet-
rically that the sum of two vectors on this line also lies on the line and that a
scalar multiple of a vector on the line is on the line as well. Thus, W is closed

under addition and scalar multiplication, so it is a subspace of R3.

3. Let n be a positive integer, and let W consist of all functions expressible in the
form

p(z) =ag+ a1z + ...+ ayz”

where ay, ..., a, are real numbers. Thus, W consists of the zero function to-
gether with all real polynomials of degree n or less. The set W is a subspace of
the vector space of all real-valued functions discussed in Example 2 of Section

2.2. To see this, let p and q be the polynomials

p(z) =ag+ a1z + ... + ayz”
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and
q(z) =bg + brx + ...+ byz"

Then
(p+a)(z) =p(z) +q(x) = (a0 + bo) + (a1 + b1)z + ... + (an + by)2"

and
(kp)(z) = kp(z) = (kag) + (kay)x + ... + (ka,)z"

These functions have the form given above, so p + q and kp lie in W. This
vector space W shall be denoted by the symbol P,.

2.5 Linear Combinations of Vectors

Definitions

e A vector w is a linear combination of the vectors vy, vq,...,v, if it can be

expressed in the form
W:k11)1+k21)2+...+k7«’l)r
where kq, ko, ..., k, are scalars.

Example

1. Consider the vectors u = (1,2,—1) and v = (6,4,2) in ®*. Show that w =
(9,2,7) is a linear combination of u and v and that w' = (4,—1,8) is not a

linear combination of u and v.

In order for w to be a linear combination of u and v, there must be scalars k;

and ky such that k;u + kov = w; that is in matrix form,

-

Forming the augmented matrix of the system gives

N =
N =~ O
N N O



Finding the rref of the augmented matrix gives

1 0 -3
01 2
00 0
The corresponding equations are ky = —3 and k3 = 1 and so w = —3u + 1v.

Similarly, for w’ to be a linear combination of u and v, there must be scalars

ki and ky such that w' = kyu + kov; that is in matrix form,

16 4
ky

2 4 =| -1
ks

-1 2 8

Forming the augmented matrix of the system gives

6 4
4 -1
-1 2 8

Finding the rref of the augmented matrix gives

o O =
oS = O

0
0
1

Clearly from the last row of the rref the system is inconsistent and therefore,
no such scalars k; or ky exist. Consequently w' is not a linear combination of

u and v.

2.6 Spanning Sets

If vi,va,..., v, are vectors in a vector space V', then some vectors in V' may be linear
combinations of vy, vs, ..., v, and others may not. The following theorem shows that

if a set W is constructed consisting of all those vectors that are expressible as linear

combinations of vy, va, ..., v, then W forms a subspace of V.
Theorem 2.4. If vy,va,..., Vv, are vectors in a vector space V, then:
(a) The set W of all linear combinations of vi,va, ..., vy is a subspace of V.
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(b) W is the smallest subspace of V' that contains vi,vVa,...,V,. Every other sub-

space of V' that contains vq,va,..., v, must contain W.

Proof.  (a) To show that W is a subspace of V', we must show that it is closed under
addition and scalar multiplication. There is at least one vector in W, namely
0, since 0 = 0vy +0ve + ...+ Ov,. If u and v are vectors in W, then

Uu=cvy+cecvy+...+CVy

and
V:k1V1+k2V2+...+krVr

where ¢, ¢, ..., ¢, k1, ko, ..., k, are scalars. Therefore
ut+v=_(c+k)vi+(ca+k)ve+...4+(cc +k )y
and, for any scalar k,

ku = (key)vy + (keg)ve + ... + (ke ) vy

Thus, u+ v and ku are linear combinations of v1,vs,..., v, and consequently
lie in W.
(b) Each vector v; for i = 1,2,...,r is a linear combination of vy, va,..., v, since

we can write
vi=0vyi +0va+...+1v;+ ...+ 0v,

Therefore, the subspace W contains each of the vectors vy, va,...,v,. Let W’
be any other subspace that contains vi,vs,...,v,. Since W' is closed under

addition and scalar multiplication, it must contain all linear combinations of

Vi,Va,..., v, and thus W’ contains all vectors in W.
O
Definitions
o If S= {vy,va,..., Vv, } is a set of vectors in a vector space V, then the subspace

W of V consisting of all linear combinations of the vectors in S is called the
space spanned by vi,vs,...,Vv., and the vectors vi,Vvs,...,Vv, are said to
span W. To indicate that W is the space spanned by the vectors in the set

S = {v1,va,...,v,} the following notation is used.

W = span(S) or W = span{viy,va,..., v}

24



Example: The polynomials 1,z,22,...,z" span the vector space P, defined previ-

ously since each polynomial p in P, can be written as
P=ay+ax+--+a,z"

which is a linear combination of 1,z,22,...,2z". Thus we write:
P, = span{l,z,2* ..., 2"}

Spanning sets are not unique. For example, any two noncollinear vectors that lie in
the x — y plane will span the x —y plane. Also, any nonzero vector on a line will span
that line.

Theorem 2.5. If S = {vy,va,..., vy} and S' = {wy,wa,..., Wi} are two sets of

vectors in a vector space V', then
span{vi,va, ...,V } = span{wy, wWa, ..., Wi}

if and only if each vector in S is a linear combination of those in S', and each vector

in S" is a linear combination of those in S.

Proof. If each vector in S is a linear combination of those in S’ then span(S) C
span(S’). If it is also true that each vector in S’ is a linear combination of those in S
then span(S’) C span(S), and therefore

span(S) = span(S").
If there is some vector v; € S such that
Vi # Q1Wy + aoWa + « -+ + a4, Wy

for any scalars ay, as, . . ., a, then v; € span(S) but v; & span(S’) therefore span(S) #
span(S’) and vice versa. O

2.7 Linear Independence

In the previous section it was stated that a set of vectors S spans a given vector space
V' if every vector in V is expressible as a linear combination of the vectors in S. In
general, it is possible that there may be more than one way to express a vector in V'
as a linear combination of vectors in a spanning set. This section will focus on the
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conditions under which each vector in V' is expressible as a unique linear combination
of the spanning vectors. Spanning sets with this property play a fundamental role in
the study of vector spaces.

Definitions

o If S ={vy,vq,...,v,} is a nonempty set of vectors, then the vector equation
kivi+kovo+ -+ kv =0
has at least one solution, namely
ki =0,ko=0,..., k. =0.

If this is the only solution, then S is called a linearly independent set. If
there are other solutions, then S is called a linearly dependent set.

Examples

1. If vi = (2,-1,0,3),v2 = (1,2,5,—1) and v3 = (7,—1,5,8), then the set of

vectors S = {vy, vy, vs} is linearly dependent, since 3vy + va — vz = 0.
2. The polynomials
pi=1—2,p2=5+3c—222 andps =1+ 3z — 22
form a linearly dependent set in P, since 3p; — p2 +2p3 =0

3. Consider the vectors i = (1,0,0),j = (0,1,0),k = (0,0,1) in R3. In terms of
components the vector equation

Feri+ koj + kzk = 0

becomes
k1(1,0,0) + k2(0,1,0) + £3(0,0,1) = (0,0,0)

or equivalently,
(kla k2; k3) - (Oa Oa 0)

Thus the set S = {i,j,k} is linearly independent. A similar argument can be

used to extend S to a linear independent set in R".

The following two theorems follow easily from the definition of linear independence
and linear dependence.
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Theorem 2.6. A set S of two or more vectors is:

(a) linearly dependent if and only if at least one of the vectors in S is expressible

as a linear combination of the other vectors in S.

(b) linearly independent if and only if no vector in S is expressible as a linear
combination of the other vectors in S.

Theorem 2.7. (a) A finite set of vectors that contains the zero vector is linearly

dependent.

(b) A set of exactly two vectors is linearly independent if and only if neither vector
15 a scalar multiple of the other.

2.8 Operations on Vector Spaces

Definitions

e The addition of two vector spaces is defined by: U+V = {u+vjue U,v € V}

e The intersection N of two vector spaces is defined by:

UNV={wlweUandw eV}
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3 BASIS AND DIMENSION

A line is thought of as 1-dimensional, a plane 2-dimensional, and surrounding space
as 3-dimensional. This section will make this intuitive notion of dimension precise

and extend it to general vector spaces.

3.1 Coordinate Systems of General Vector Spaces

A line is thought of as 1-dimensional because every point on that line can be specified
by one coordinate. In the same way, a plane is thought of as 2-dimensional because
every point on that plane can be specified by two coordinates, and so on. What
defines this coordinate system? Coordinate systems are most commonly defined by
coordinate axes. In the case of the plane the x and y axes are used most frequently,
but there is also a way of specifying the coordinate system with vectors. This can be
done by replacing each axis with a vector of length one that points in the positive
direction of the axis. In the case of the x — y plane, the x and y-axes are replaced by
the well known unit vectors i and j respectively. Let O be the origin of the system
and P be any point in the plane. The point P can be specified by the vector OP.

Every vector, OP can be written as a linear combination of i and j:
OP = ai + bj

The coordinates of P, corresponding to this coordinate system, are given by the
ordered pair (a, b).

Informally stated, vectors such as i and j that specify a coordinate system are
called “basis vectors” for that system. Although in the preceding example our basis
vectors were chosen to be of unit length and mutually perpendicular, this is not es-
sential. Different basis vectors do however change the coordinates of a point, as the

following example demonstrates.

Example Let S = {i,j}, U = {i,2j} and V = {i+j,j}. Let P be the point i+ 2j.
The coordinates of P relative to each set of vectors is:

S —(1,2)
U—(1,1)

T — (1,1)
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The following definition makes the preceding ideas more precise and extends the no-

tion of a coordinate system to general vector spaces.

Definition

e If V is any vector space and S = {vy,Va,..., vy} is a set of vectors in V, then
S is called a basis for V' if the following two conditions hold:

(a) S is linearly independent
(b) S spans V

A basis is the vector space generalization of a coordinate system in 2-space and 3-

space.

Theorem 3.1. If S = {vy,Vva,...,vn} is a basis for a vector space V, then every
vector v in V' can be expressed in the form v = ¢1vy 4+ cava + -+ + ¢,V in ezactly

one way.

Proof. Since S spans V', every vector in V' is expressible as a linear combination of
the vectors in S. To see that this expression is unique, suppose that some vector v
can be written as

V=cCVy+CVa+---4+cC,Vpn

and also as
V:k1V1+k2V2+"'+ann

Subtracting the second equation from the first gives
0= (Cl — k‘l)Vl + (Cg — kz)Vg +--+ (Cn — k‘n)Vn

Since the right-hand side of this equation is a linear combination of vectors in S, the

linear independence of S implies that
(Cl—/‘&l) :0,(02—k2):0,...,(0n—kn)

That is

01:k1a62:k21"'acn:kn

Thus the two expressions for v are the same. O
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Definitions

o If S={vy,va,..., vy} is a basis for a vector space V, and
V=0CV]+CVa+- -+ CVp

is the (unique) expression for a vector v in terms of the basis S, then the
scalars ¢y, ¢y, ..., c, are called the coordinates of v relative to the basis S.
The vector (c1,¢a, - .., ¢,) in R™ constructed from these coordinates is called the

coordinate vector of v relative to S; it is denoted by
[v]ls = (e1,¢2, ...y ¢n)

o If V=R" and v = [v|s then S is called the standard basis.

Remark It should be noted that coordinate vectors depend not only on the basis,
but also on the order in which the basis vectors are written; a change in the order
of the basis vectors results in a corresponding change of order for the entries in the
coordinate vectors.

Examples
1. In Example 3 of Section 2.5 it was shown that if

i=(1,0,0), j=(0,1,0) and k=(0,0,1)

then S = {i,j,k} is a linearly independent set in R3. This set also spans R3

since any vector v = (a, b, ¢) can be written as
v = (a,b,¢) = a(1,0,0) +b(0,1,0) +¢(0,1,1) = ai + bj + ck

Thus, S is a basis for 3. It is in fact a standard basis for 2. The coordinates

of v relative to the standard basis are a, b and ¢, so

[v]s = (a,b,¢c) = v.
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3.2 Dimension of General Vector Spaces

Definition

e A nonzero vector space V is called finite-dimensional if it contains a finite
set of vectors {vy,va,..., vy} that forms a basis. If no such set exists, V is
called infinite-dimensional. In addition, the zero vector space is regarded as

finite-dimensional.
Examples
e The vector spaces R™ and P, are both finite-dimensional.

e The vector space of all real valued functions defined on (—o0,00) is infinite-
dimensional.

Theorem 3.2. If V is finite-dimensional vector space and S = {v1,Va,...,Vp} iS

any basis, then:
(a) Every set with more than n vectors is linearly dependent.

(b) No set with fewer than n vectors spans V.

Proof. (a) Let S' = {wy,wa,..., Wy} be any set of m vectors in V', where m > n.
We must show that S’ is linearly dependent. Since S = {vy,va,..., vy} is a
basis for V', each w;,7 = 1,...,m can be expressed as a linear combination of

the vectors in S, say:
W1 = a11V1 + @19Ve + *** + A1pVn

Wo = (921V1 + 929V + -+ a92n,Vn

Wm = A1Vl + GpaVe + - - + QmpVn

To show that S’ is linearly dependent, scalars k1, ko, . . ., k,, must be found, not
all zero, such that
k1W1+/€2W2+"‘+kam:0
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Combining the above 2 systems of equations gives
(krain + kaagr + -+« - + kmam1)ve
+ (kra1g + koago + - - - + kpama) v

+ (klaln + k2a2n + -+ kma'mn)vn =0

Thus, from the linear independence of S, the problem of proving that S’ is a
linearly dependent set reduces to showing there are scalars ki, ko, ..., k,,, not
all zero, that satisfy

a1 kr + asiks + -+ - + @ik, =0

a12k1 + az22k2 +---+ amgkm =0

CLlnkl + a2nk2 + et amnkm =0

As the system is homogenous and there are more unknowns than equations

(m > n) Theorem 1.2 guarantees that there are nontrivial solutions.

(b) See the handwritten notes at the end of the section.
U

The last theorem essentially states this. Given a vector space V, let S be a set
of n vectors which forms a basis for V', and let S’ be another set of m vectors from
V. If m is greater than n, S’ cannot form a basis for V' as the vectors in S’ cannot
be linearly independent. If m is less than n, S’ cannot form a basis for V' because it
does not span V. Thus, Theorem 3.2 leads directly into one of the most important
theorems in linear algebra.

Theorem 3.3. Any two bases for a finite-dimensional vector space have the same

number of vectors.
Definition

e The dimension of a finite-dimensional vector space V', denoted by dim(V), is
defined to be the number of vectors in a basis for V. In addition, the zero vector

space has dimension zero.
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Examples

1. The dimensions of some common vector spaces are given below:
dim(R™) =n
dim(P,) =n+1
dim(M,,) = mn

2. Determine a basis for and the dimension of the solution space of the homogenous

System:
2$1+ 2.7)2— T3 + x5 = 0
—T1— Xo+ 2x3— 3x4+ 5= 0
T1+ To— 21’3 — I5 = 0
T3+ T4+ Ts = 0
It was shown in Section 1.5 that the general solution is
T1=—85—t,x9=85,23=—t,x4=0,25=1
Therefore the solution vectors can be written as:
_a:l_ [ st ] [ s ] [t ] [ 1] [ 1]
To s s 0 1 0
T3 | = —t|l=] ofl+|-t|=s| of+¢t]| -1
Ty 0 0 0 0 0
| Iy ] | ] | 0 i | t i | 0 i | 1 i
which shows that the vectors
R R
1 0
vy = 0 and vo=| —1
0 0
- 0 = - 1 =

span the solution space. Since they are also linearly independent (see Theorem
2.7 (b)), {v1, vz} is a basis, and the solution space has dimension two.

3.3 Related Theorems

The remaining part of this section states theorems which illustrate the subtle inter-
relationships between the concepts of spanning sets, linear independence, basis and
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dimension. These theorems form the building blocks of many further results in linear

algebra.

Theorem 3.4. Plus/Minus Theorem. Let S be a nonempty set of vectors in a

vector space V.

(a) If S is a linearly independent set, and if v is a vector in V not in span(S), then

the set SU{v} is still linearly independent.

(b) If v is a vector in S that is expressible as a linear combination of other vectors

in S, then S and S \ {v} span the same space: that is,
span(S) = span(S \ {v})

Proofs will not be included (see the Problem Sheet solutions!), but the theorem

can be visualised in R? as follows.

(a) Consider two linearly independent vectors in R3. These two vectors span a
plane. If you add a third vector to them that is not in the plane, then the three

vectors are still linearly independent and they span the entire domain of R3.

(b) Consider three non-collinear vectors in a plane that form a set S. The set S
spans the plane. If any one of the vectors is removed from S the resulting set

still spans the plane.

Theorem 3.5. If V' is an n-dimensional vector space and if S is a set in 'V contain-
ing exactly n vectors, then S s a basis for V if either S spans V' or S is linearly

independent.

Proof. Assume that S contains exactly n vectors and spans V. To prove that S is a
basis, it must be shown that S is a linearly independent set. But if this is not so, then
some vector v in S is a linear combination of the remaining vectors. If this vector is
removed from S, then it follows from the Theorem 3.4(b) that the remaining set of
n — 1 vectors still spans V. But this is a contradiction, since it follows from Theorem
3.2(b), that no set with fewer than n vectors can span an n-dimensional vector space.
Thus, S is linearly independent.

Assume that S contains exactly n vectors and is a linearly independent set. To
prove that S is a basis, it must be shown that S spans V. But if this is not so, then
there is some vector v in V' that is not in span(S). If S’ = S U {v}, then Theorem
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3.4(a) gives that this set of n + 1 vectors is still linearly independent. But this is a
contradiction, since it follows from Theorem 3.2(a) that in an n-dimensional vector
space, no set containing more than n vectors can be linearly independent. Thus S

spans V. O

Theorem 3.6. Let S be a finite set of vectors in a finite-dimensional vector space
V.

(a) If S spans V but is not a basis for V, then S can be reduced to a basis for V by

removing appropriate vectors from S.

(b) If S is a linearly independent set that is not a basis for V, then S can be enlarged

to a basis for V by inserting appropriate vectors into S.

Proof.  (a) The proof is constructive and is called the left to right algorithm.

Let v¢, be the first nonzero vector in the set S. Choose the next vector in
the list which is not a linear combination of v, and call it v.,. Find the next
vector in the list which is not a linear combination of v., and v, and call it

Veg- Continue in such a way until the number of vectors chosen equals dim (V).

(b) This proof is also constructive.

Let S = {uy, us,...,u,} bealinearly independent set in V and let vy, va, ..., vy
be a basis for V. To extend the basis, simply apply the left to right algorithm
to the set

ui,u2,...,U,Vy,Vo,...,Vy

(Note that this set spans V' because it contains a basis within it.) This will

select a basis for V' that commences with uy, us, ..., u,
O

Theorem 3.7. If W is a subspace of a finite-dimensional vector space V', then
dim(W) < dim(V'); moreover, if dim(W) = dim(V'), then W =V

Proof. Let S = {wy,ws,...,w,} be a basis for W. Either S is also a basis for V' or
it is not. If it is, then dim(W) = dim(V) = r and W = V. If it is not, then by the
previous theorem, vectors can be added to the linearly independent set S to make it
into a basis for V', so dim(W) < dim(V'). Thus, dim(W) < dim(V) in all cases. O
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3.4 Change of Basis

JFrom the previous section, we know that the basis of a vector space is the set of
vectors that specify the coordinate system. A vector space may have an infinite
number of bases, but each basis contains the same number of vectors. The number
of vectors in the basis is called the dimension of the vector space.

The coordinate vector of a point changes with any change in the basis used. If the
basis for a vector space is changed from some old basis 8 to some new basis 7, how
is the old coordinate vector [v]z of a vector v related to the new coordinate vector
[v],? The following theorem answers that question.

Theorem 3.8. If the basis for a vector space is changed from some old basis [ =
{us,uz,...,un} to some new basis v = {vi,va,...,vn}, then the old coordinate
vector [w|g is related to the new coordinate vector [w|, of the same vector w by the
equation

[w], = Plwlg

where the columns of P are the coordinate vectors of the old basis vectors relative to

the new basis; that is, the column vectors of P are

[ul]’y’ [u2]’w T [un]’y
P is called the change of basis matrix or the change of coordinate matrix.

Proof. Let V be a vector space with a basis § = {uj,uz,...,u,} and a new basis

v={v1,Va,...,vp}. Let w € V. Therefore w can be expressed as:
W = aiuy + asug + -+ + a,Uy,

Thus we have
[w],B = (ala az, ..., a’n)

As «y is also a basis of V' the elements of 5 can be expressed as follows
u; = pPi1Vi +Pieve + -+ PinVn

Uz = Po1V1 + P2aVe + - - - + P2,V

Un = PniVi + P2V +---+ PnnVn
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Combining this system of equations with the above expression for w gives
W = (p1101 + P21G2 + * - + Pn10y) V1

+(p12a1 + pazag + -+ + Ppoay)va+

+(p1na1 + DPonG2 +---+ pnnan)vn

and thus it can be seen that

P1101 + p21Gg + -+ + Ppian P11 P21 - Pma ap
D1201 + P22Qg + - - - + Ppadp Di2 P22 " DPn2 a
[w], = . = ) . . .
PinQ1 + P2pG2 + = + Ppnln Pin DPon " DPnn n
Thus
[w], = Plw]s

where P’s columns are

[ul]’y’ [u2]’77 R [un]7

Example
1. Consider the bases v = {vy, va} and 8 = {uy, uz} for R?, where
vy = (1,0); vo=(0,1); u; =(1,1); uz=1(2,1)

(a) Find the change of basis matrix from 3 to . First we must find the
coordinate vectors of the old basis vectors u; and u, relative to the new
basis 3. By inspection:

u; = vy + Vs

uz = 2vy + Vo

1 2
wh=[1] o =7

Thus the change of basis matrix from 3 to 7 is

11
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(b) Use the change of basis matrix to find [v], if

From Theorem 3.8

I

A quick check on your answer is to recover the vector v from both [v], and

[v]g. In this example v = —3u; + buy = 7vy + 2vy = (7,2).
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4 ORTHONORMAL BASES

In many problems involving vector spaces, the problem solver is free to choose any
basis for the vector space that seems appropriate. In ™ the solution of a problem
is often greatly simplified by choosing a basis in which the vectors are orthogonal to
one another. In this section it shall be shown how such a basis can be obtained.
Definitions

e Let u,v € R". Then the operation defined by

UV =uv + Uy + -+ + u,v,

where
Uy (%1
Ug V2
u= . and v =
U'IL UTL

maps " — R and is referred to as the Euclidean inner product or the dot
product.

e Two vectors u,v € R” are said to be orthogonal if u-v = 0.

e If u and v are orthogonal vectors and both u and v have a magnitude of one,

then u and v are said to be orthonormal.

e A set of vectors in R”, on which the dot product is defined, with the property
that all pairs of distinct vectors in the set are orthogonal is called an orthogonal
set. An orthogonal set in which each vector has a magnitude of one is called

an orthonormal set.

The proof of the following result is important, since it provides an algorithm for

converting an arbitrary basis into an orthonormal basis.
Theorem 4.1. Every subspace of the vector space R™ has an orthonormal basis.

Proof. Let V be any nonzero subspace of &", and let {u;, us,...,un} be any basis
for V. It suffices to show that V has an orthogonal basis, since the vectors in the
orthogonal basis can be normalized to produce an orthonormal basis for V. The

following sequence of steps will produce an orthogonal basis {vy,va,..., vy} for V.
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Step 1 Let vy = u;.

Step 2 Obtain a vector vy that is orthogonal to vy by computing the component of

us that is orthogonal to the space W, spanned by v;. This can be done using

Uz - V1
Vo = U — Vi
Vi-Vp

Of course, if vo = 0, then vy is not a basis vector. But this cannot happen,

the formula:

since it would then follow from the preceding formula for v, that

Uz - Vi Uz - Vp
Uz = vy = u
Vi-Vi u; - up

which says that us is a multiple of uy, contradicting the linear independence of

the basis S = {uy, uz,...,uy}.

Step 3 To construct a vector vg that is orthogonal to both vy and vy, compute the

component of ug orthogonal to the space W5 spanned by v; and vy using the

ug-Vvjy ug - Va
Vg =usg — Vi — Va
Vi-Vi Vo r Vg

As in step 2, the linear independence of {uy,uz, ..., u,} ensures that vg # 0.

formula:

Step 4 To determine a vector v4 that is orthogonal to vy, vy and vg, compute the
component of uy orthogonal to the space W3 spanned by vy, vy and vs using

the formula
Ugq-Vy Uy - V2 Ugq Vg
V4 = U4 — Vi — Vo — Vg
Vi-Vi Va - Vg V3 - Vg

Continuing in this way, an orthogonal set of vectors, {vy,va,..., vy}, will be obtained

after m steps. Since V' is an m-dimensional vector space and every orthogonal set is

linearly independent, the set {vy,Va,..., v} is an orthogonal basis for V. O

This preceding step-by-step construction for converting an arbitrary basis into an
orthogonal basis is called the Gramm-Schmidt process.

Example: THE GRAMM-SCHMIDT PROCESS

1. Consider the vector space R with the Euclidean inner product. Apply the
Gramm-Schmidt process to transform the basis vectors u; = (1,1,1),uy =
(0,1,1),us = (0,0, 1) into an orthogonal basis {vy,Vva, vs}; then normalize the

orthogonal basis vectors to obtain an orthonormal basis {q1, q2,qs}-
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Step 1

Step 2
U - Vi
Ve = U2—< ) 1
Vi-Vy
2 —211
= (0,,1))—=(1,,1)={( —, =, =
o10-301=(Z53)
Step 3
<113'V1) (Us'V2
Vg = us— Vi — Va2
Vi Vi Va2 - Vo
1 1/3 (-2 1
= (0,0,1)—=(1,1,1)—— | —,=, =
0.0, - 3010 - 12 (F55)
_ (o 11
N T 272
Thus,

211 11
V]_:(].,l,].), Vo = _gagag ; V3 = 05_535

form an orthogonal basis for 3. The norms of these vectors are

V6
Ivall = V3, fvall = %57, Ivall =

S

so an orthonormal basis for R? is
Vi ( 1 1 1 ) Vo <—2 1 1 )
ql == == —’ —7 = b) q2 == == —’ —’ =
[[va]] V3 V3 V3 N 6 v6 V6

Vs (O 1 1 )
3 = 7—7 = y T =y T
[[vs]| V2 V2

The Gramm-Schmidt process with subsequent normalization not only converts

an arbitrary basis {uy, ua,...,u,} into an orthonormal basis {q1,q2,...,dn}, but it

does it in such a way that for £ > 2 the following relationships hold:
e {d1,q2,...,qx} is an orthonormal basis for the space spanned by {uy, ..., ux}.

e q is orthogonal to {u;,us,...,ux 1}

41



5 ROW, COLUMN AND NULL SPACE

This section is devoted to the study of these three important vector spaces associated
with a matrix. Such study leads to a deeper understanding of the relationship between

the solutions of a linear system and the properties of its coefficient matrix.

5.1 Basic Definitions

Definitions

e For an m X n matrix

a1 A2 -t Qip

Q21 Q22 -+ Q2pn
A=

Um1 Am2 - Omn

the vectors

rn = [011 aig - aln]
rs = [021 Qg2 - a2n]
'm = [aml mpm2  * amn]

in k" formed from the rows of A are called the row vectors of A.

e The vectors

ail a2 Q1n

a21 a22 Q2n
C = . ) C2 = . ) CRC Ch =

Am1 Am2 Amn

in R™ formed from the columns of A are called the column vectors of A.

e The subspace of R" spanned by the row vectors of A is called the row space
of A. The row space of A is denoted by R(A).

R(A) = span{ry,ra,...,Tm}

e The subspace of ®™ spanned by the column vectors of A is called the column
space of A. The column space of A is denoted by C(A).

C(A) = span{cy,ca,...,Cn}
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e The solution space of the homogenous system of equations Ax = 0, which is a
subspace of R", is called the null space of A. The null space of A is denoted
by N(A).

N(A) = {x € R"|Ax = 0}

We now verify the claim that N(A) is a subspace of R": Clearly N(A) C R". Let u
and v € N(A). Then
Au=0 and Av=0.

Since matrix multiplication distributes over matrix addition,
Alu+v)=Au+Av=0+0=0
and we have that u+ v € N(A). Also if k is any scalar,
A(ku) =kAu=k0=0

and we have that ku € N(A). Hence the null space is closed under addition and
scalar multiplication and is therefore, by Theorem 2.3, a subspace of R".
Example Let A be the 2 x 3 matrix shown below

A 1 3 2
4 9 2

r; =[1,3,2] and ry=[4,9,2]

Then the row vectors are

R(A) = span{ryi,ra}

3 2
, 02:[9] and 03:[2]

C(A) = span{cy,ca,c3}

and the column vectors are
1
C =
! 4

Finding the null space of A amounts to finding the solution space of the homogenous

system of linear equations Ax = 0. The augmented matrix [A | 0] is

13 20
4.9 20
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The reduced row-echelon form of this matrix is

10 —4 0

01 20
Since there is no leading one in column three corresponding to the variable x3, x3
is the independent variable. Let x5 = ¢ for an arbitrary scalar . Then the general

solution is
Lo = =2t and x, =4t

So any solution vector x is of the form

Al 4t 4
X = X9 = —2t = 1 -2
I3 t 1

Therefore N(A) is spanned by the vector (4,2,1)7, and this is also a basis for N(A4).

However, as usual, we would like to express these subspaces in terms of bases
rather than just spanning sets. Finding a basis for N(A) is equivalent to finding a
basis for the solution space of the homogenous system AX = 0, and this procedure
has been demonstrated previously (as in the previous example, Example 2 on page
33, or Questions 5 and 6 from Problem Sheet Three). The next section looks at an
algorithm used for determining bases for R(A) and C(A).

5.2 Finding Bases for R(A) and C(A)

We first state a few theorems regarding the effect of elementary row operations on
the subspaces R(A) and C(A).

Performing an elementary row operation on an augmented matrix does not change
the solution set of the corresponding linear system. In particular, applying an elemen-
tary row operation to a matrix A does not change the solution set of the corresponding
linear system Ax = 0, or, stated another way, it does not change the null space of A.

Thus we have:
Theorem 5.1. Elementary row operations do not change the null space of a matrix.
The following theorem is a companion to Theorem 5.1.

Theorem 5.2. Elementary row operations do not change the row space of a matriz.
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Proof. Suppose that the row vectors of a matrix A are ry,rs,...,r, and let B be
obtained from A by performing an elementary row operation. It shall be shown that
R(A) = R(B).

Consider the possibilities:

Case 1: If the row operation is a row interchange (r; <> r;), then B and A have the
same row vectors and consequently have the same row space.

Case 2: If the row operation is multiplication of a row by a nonzero scalar ¢ (r; — tr;)
or the addition of a multiple of one row to another (r; — r;+1r;), then the row vectors
r},ry, ..., v, of B are linear combinations of the row vectors ry,ro, ..., ry of A; thus,
they lie in the row space of A. Since a subspace is closed under addition and scalar
multiplication, all linear combinations of r},r5,, ..., rl will also lie in the row space
of A. Thus R(B) C R(A).

Now observe that since B is obtained from A by performing an elementary row
operation, A can be obtained from B by performing the inverse of that operation.
Then the argument above, when reversed, shows that R(A) C R(B) and hence that
R(A) = R(B). O

In light of the previous two theorems, one might be forgiven for thinking that
elementary row operations have no effect on the column space of a matrix. In fact,
this is definitely not the case. Elementary row operations on a matrix do change the

column space. For example, consider the matrix

[

The second column is a scalar multiple of the first, so the column space of A consists of
all scalar multiples of the first column vector. However, if we perform the elementary

row operation ro — ro + —2r;, we obtain

(i1

Here again the second column of B is a scalar multiple of the first, so the col-
umn space of B consists of all scalar multiples of the first column vector. However,
span([2 4]7) # span([2 0]7); that is, C'(A) # C(B).

Although elementary row operations can change the column space of a matrix
A, the relationships of linear independence or linear dependence that exist between
the column vectors of A prior to a row operation, also exist between the column
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vectors of the resulting matrix. To show this, let B be the matrix that results by
performing an elementary row operation on an m x n matrix A. By Theorem 5.1, the

two homogenous linear systems
Ax=0 and Bx=0

have the same solution set. Thus, the first system has a nontrivial solution if and
only if the same is true of the second. This implies that the column vectors of A are
linearly independent if and only if the same is true of B. This conclusion can also be
applied to any subset of the column vectors (check it!). Thus, we have the following
result.

Theorem 5.3. If A and B are row-equivalent matrices, then:

(a) A given set of column vectors of A is linearly independent if and only if the

corresponding column vectors of B are linearly independent.

(b) A given set of column vectors of A forms a basis for the column space of A if
and only if the corresponding column vectors of B form a basis for the column
space of B.

Theorems 5.1, 5.2 and 5.3 lead to the following theorem, which describes bases

for the row and column spaces of a matrix in row-echelon form.

Theorem 5.4. If a matriz R is in row-echelon form, then the row vectors containing
the leading ones (that is, the non-zero row vectors) form a basis for the row space of
R, and the column vectors containing those leading ones form a basis for the column
space of R.

Examples

1. The matrix

1 -2 5 0 3

0 1 300
R =

0 0010

0 0 00O

is in row-echelon form. From Theorem 5.4 the vectors

rp = [1 =2 5 0 3]
rp = [0 1 3 0 0]
rg = [0 0 0 1 0]

46



form a basis for the row space of R, and the vectors

1 -2 0
0 1 0
C1 = 0 , C2 = 0 , €3 = 1
0 0 0

form a basis for the column space of R.

. Find bases for the row and column space of

-1 3 —4 2 -5 —4

Since performing elementary row operations on a matrix does not change its
row space, a basis for the row space of any row-echelon form of A is a basis for
the row space of A. One row-echelon form of A is

1 -3 4 =2 ) 4

0 01 3 -2 —6

0 00 O 1 5

0 00 0 0 O

R=

By Theorem 5.4 the nonzero row vectors of R form a basis for the row space of

R, and hence form a basis for the row space of A. These basis vectors are

g, = [1 -3 4 -2 5 4
rp, = [0 01 3 —2 —6]
rs, = [0 00 0 1 5

Keeping in mind that A and R may have different column spaces, it is not
possible to find a basis for the column space of A directly from the column
vectors of R. However, it follows from Theorem 5.4 that if a set of column
vectors of R form a basis for the column space of R, then the corresponding
column vectors of A will form a basis for the column space of A. The first,
third, and fifth columns of R contain the leading ones, so

1 4 )
0 1 —2
ClR = 0 ) C3R = 0 ) C5R = 1
0 0 0
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form a basis for the column space of R; thus the first, third and fifth column

vectors of A, namely,

o . :

Ci, = 2 , C3, = ) , Cs, = X
2 9 9

-1 —4 )

form a basis for the column space of A.

. Find a basis for the space spanned by the vectors
vi=(1,-2,0,0,3), vo2=(2,-5,-3,-2,6), vs=(0,5,15,10,0)

va = (2,6,18,8,6)

If we define the matrix A to be the matrix whose rows are precisely these row
vectors, then the space spanned by these vectors is just the row space of A. Thus
a basis for R(A) is a basis for the space spanned by these vectors. (We note
that this basis will not necessarily contain any of the original vectors, unlike the

basis obtained by performing the left-to-right algorithm.)

1 -2 0 0 3
2 -5 -3 -2 6
0 5 15 10 O
2 6 18 8 6

The matrix is reduced to row-echelon form:

O = W O
o = N O
o O O W

The nonzero row vectors in this matrix are
wy = (1,-2,0,0,3), wy=1(0,1,3,2,0), ws=1(0,0,1,1,0).

These vectors form a basis for the row space and consequently form a basis for

the subspace of R° spanned by vq, v, vs and vy4.
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4.

Note that in these examples a basis for the column space of A consisted of
column vectors of A, while a basis for the row space of A consisted of row
vectors of a row-echelon form of A. The following example demonstrates how
to find a basis for the space spanned by a set S of vectors, which consists entirely
of vectors in S. We shall define a matrix A whose columns are the vectors in S,
and then find a basis for C'(A). (This procedure is computationally faster than
the left-to-right algorithm.)

(a) Let S ={vy,va, Vs, Vs, Vs} where
vi=(1,-2,0,3), va=(2,—5,-3,6)
vy =(0,1,3,0), vq=(2,—-1,4,-7), vs=(5-8,1,2)
Find a subset of S that forms a basis for the space spanned by S.

Begin by constructing a matrix A that has vy,vs,..., vy as its column
vectors.
1 20 2 5
-2 -5 1 -1 -8
A=[vy|vy|vs|vy|vs]=
vilvalvalvalval = | o 0.

3 6 0 -7 2
The problem is easily solved by finding a basis for C(A). For reasons

that will become evident in part (b) the matrix is reduced to reduced row-
echelon form. Denoting the column vectors of the resulting matrix by

W1, Wo, W3, Wa and wy yields

1 0 2 01
01 -1 0 1
B: A = =
rref(A) = [wy | wa | W | Wy [ Ws] 00 011
0 0 0 0 0

The leading 1’s occur in columns 1, 2 and 4, so by Theorem 5.4
Wi, W2, Wy
is a basis for the column space of B and consequently
Vi,V2,Vy
form a basis for the column space of the A and hence for the space spanned

by S.
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(b) Express the vectors in S that are not in the basis as a linear combination

of the basis vectors.

Here the reason for converting the matrix A to reduced row-echelon form
in part (a) becomes clear. When the matrix is in reduced row-echelon
form, it is much easier to see the linear dependence of wg and ws on
the vectors in the basis. By inspection, the linear combinations are
W3 = 2W1 — Wy
W5 = W31 + Wa + Wy
We call these the dependency equations. The corresponding relationships
in the original matrix are:
vy = 2V] — Vg

V5:V1+V2+V4

5.2.1 Extending a Linearly Independent Set to a Basis

It was stated in Theorem 3.6(b) that if V' is a vector space of dimension n and if
Vi,Va,...,Vy form an linearly independent set in V' such that » < n then there
exists vectors vy, i, Veig,..., vy such that vy, vy, ..., v, form a basis for V. The
next example demonstrates how to extend an linearly independent family to a basis
for V.

Example

1. Take V = R*, and also let v; and v, be

Vi1 =

100

Ot = W N
D

It is clear that vy and v, are linearly independent. As specified in the proof
of Theorem 3.6(b), let S = {vy,Vva,u, us, us, us}, where uy, us, usg, uy is the
standard basis for V. Let A be the matrix

AZ[V1|V2‘U1‘112|113‘114]

A basis for the column space of A is a basis for V| and in particular, this basis

will contain the vectors vy and va. Note that S spans V since it contains a
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basis for V. Finding the rref of A:

100000
010000
B=rref(A)=10 010 0 0
000100

Thus vq, v, u; and us form a basis for #* and we have extended the linearly
independent set to a basis.

5.3 Rank and Nullity

Theorem 5.5. If A is any matriz, then the row space and column space of A have
the same dimension.
Proof. Let R be the reduced row-echelon form of A. It follows from Theorem 5.2 that
dim(row space of A) = dim(row space of R)
and it follows from Theorem 5.3 that
dim(column space of A) = dim(column space of R).

Thus, the proof would be complete if it could be shown that the row space and column
space of the matrix R have the same dimension. The dimension of the row space of
R is the number of nonzero rows and the dimension of the column space of R is the
number of columns that contain leading ones (Theorem 5.4). However, the nonzero
rows are precisely the rows in which the leading ones occur, so the number of leading
ones and the number of nonzero rows is the same. Thus the row space and column
space of R have the same dimension and dim(R(A)) = dim(C(A)). O

Definitions

e The (common) dimension of the row space and column space of a matrix A is
called the rank of A and is denoted by rank(A).

e The dimension of the null space of A is called the nullity of A and is denoted
by nullity(A).

The following theorem establishes an important relationship between the rank and

nullity of a matrix.
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Theorem 5.6. Rank Plus Nullity Theorem If A is a matriz with n columns,
then

rank(A) + nullity(A) =n

Proof. Since A has n columns, the homogenous linear system Ax = 0 has n unknowns
(variables). These fall into two categories: the leading variables and the free variables.
Thus,

[ number of leading ] n [ number of free ] -

variables variables

But the number of leading variables is the same as the number of leading ones in the
reduced row-echelon form of A, and this is the rank of A. Thus,
number of free

rank(A) + .
variables

The number of free variables is equal to nullity of A. This is so because the nullity
of A is the dimension of the solution space of Ax = 0, which is the same as the
number of parameters in the general solution, which is the same as the number of

free variables. Thus,

rank(A) + nullity(4) = n

5.4 Related Theorems

The following theorem provides conditions under which a linear system of m equations

in n unknowns is guaranteed to be consistent.

Theorem 5.7. (The Consistency Theorem). If Ax = 0 is a linear system of m

equations in n unknowns, then the following are equivalent.
(a) Ax =Db is consistent.
(b) b is in the column space of A.
(c) The coefficient matriz A and the augmented matriz [A | b] have the same rank.

Proof. 1t suffices to prove the two equivalencies (a)<(b) and (b)<(c), since it will
then follow from logic that (a)<(c).
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(a)(b)

Consider the system Ax = b, where x = (71,%s,...,2,)T. Let c1,ca,...,Cq

denote the column vectors of A. Then the product Ax can be expressed as
AX = 1xiC1 + T9Co + -+ - + T,Cn

Thus, a linear system, Ax = b, of m equations in n unknowns can be written
as

r1€1 +T9C2+ -+ xCcp =Db

from which it can be concluded that Ax = b is consistent if and only if b is
expressible as a linear combination of the column vectors of A or, equivalently,

if and only if b is in the column space of A.

It shall be shown that if b is in the column space of A, then the column spaces of
A and [A | b] are actually the same, from which it follows that the two matrices
have the same rank.

By definition, the column space of a matrix is the space spanned by its column

vectors, so the column spaces of A and [A | b] can be expressed as
span{cy,Ca,...,Cn} and span{cy,cCa,...,Cn, b}

respectively. If b is in the column space of A, then each vector in the set
{c1,¢2,...,¢cy, b} is a linear combination of the vectors in {cy,Ca,...,c,} and
conversely. Thus, from Theorem 2.5 the column spaces of A and [A | b] are the

same.

Assume that A and [A | b] have the same rank r. By Theorem 3.6(a), there is
some subset of the column vectors of A that forms a basis for the column space

of A. Suppose that those column vectors are

!

! !/
C1,Cq ..., Cy

These r linearly independent vectors also belong to the r-dimensional column
space of [A|b], thus they form a basis for the column space of [A|b]. This means
that b is expressible as a linear combination of ¢, c, ..., cL, and consequently

e

b lies in the column space of A.
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Example This example demonstrates that condition (a) of Theorem 5.8 holds if and
only if condition (c) holds. It helps to think of the rank of a matrix as the number of

nonzero rows in its reduced row-echelon form. The augmented matrix for the system

T1— 22— 3x3+ 2x4= —4
=31+ Txo— 23+ 2x4= -3
201— Dxot+ 4dx3— 34 = 7
—3r1+ 6x9+ 93— 614 = -—1

is
1 -2 -3 2 —4
-3 7 -1 1 =3
2 =5 4 -3 7
-3 6 9 -6 -1

which has the following reduced row-echelon form:

[10—23160'|
01 —10 7 0
0 0 0 01
00 0 00

Because of the third row the system is inconsistent. However, it is also because of
this row that the reduced row-echelon form of the augmented matrix has fewer zero
rows than the reduced row-echelon form of the coefficient matrix. This forces the
coefficient matrix and the augmented matrix for the system to have different ranks.

The Consistency Theorem was concerned with the conditions under which a lin-
ear system Ax = b is consistent for a specific vector b. The following theorem is
concerned with conditions under which a linear system is consistent for all possible

choices of b.

Theorem 5.8. If Ax = b is a linear system of m equations in n unknowns, then the

following are equivalent.
(a) Ax =Db is consistent for every m x 1 matriz b.
(b) The column vectors of A span R™.

(c) rank(A) = m.
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Proof. 1t suffices to prove the two equivalences (a)<(b) and (a)<(c), since it will
then follow from logic that (b)<(c).

(a)(b)

As in the proof of the previous theorem, Ax = b can be expressed as
T1€1 + 22C2 + -+ TpCn =b

from which it can be concluded that Ax = b is consistent for every m x 1 matrix
b if and only if every such b is expressible as a linear combination of the column

vectors €1, Cs, ..., Cy, Or equivalently, if and only if these column vectors span
R™.

From the assumption that Ax = b is consistent for every m x 1 matrix b, and
from parts (a) and (b) of Theorem 5.7, it follows that every vector b in R™ lies
in the column space of A; that is, the column space of A is all of ®™. Thus
rank(A) = dim(R™) = m.

From the assumption that rank(A) = m, it follows that the column space of A is
a subspace of R™ of dimension m, and hence must be all of ™ by Theorem 3.7.
It now follows from parts (a) and (b) of Theorem 5.7 that Ax = b is consistent
for every vector b in R™, since every such b is in the column space of A.

Example

1.

A linear system with more equations than unknowns is called an overdeter-
mined linear system. If Ax = b is an overdetermined linear system of m
equations in n unknowns (so that m > n), then the column vectors of A do not
span R™. (Theorem 3.2 (b) gives that no set of fewer than m vectors will span
R™.) The previous theorem tells us that there exists at least one vector b in

R™ for which there are no solutions to Ax = b.

Theorem 5.9. If A is an m X n matriz, then the following are equivalent.

(a) Ax = 0 has only the trivial solution.

(b) The column vectors of A are linearly independent.

(c) Ax =b has at most one solution (none or one) for every m x 1 matriz b.
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Proof. 1t suffices to prove the two equivalencies (a)<(b) and (a)<(c), since it will
then follow from logic that (b)<(c).

(a)e(b)

If cq,co,...,cn are the column vectors of A, then the linear system Ax = 0 can
be written as

r1€1 + xT9Co + - -+ + xCy = 0.

Now ¢y, cs, .. ., c, are linearly independent if and only if this equation is satisfied
only by xy = 29 = -+ = x, = 0 if and only if Ax = 0 has only the trivial
solution.

Assume that Ax = 0 has only the trivial solution. Either Ax = b is consistent
or it is not. If it is not consistent, then there are no solutions to Ax = b. If
Ax = b is consistent, let xo and y be (not necessarily distinct) solutions. We

wish to show that xg =y. Now
Alxg—y) =Axo—Ay=b—-b=0

Since Ax = 0 has only the trivial solution, xg —y = 0 and so xg = y. Thus if
Ax = b is consistent, there is a unique solution. Thus Ax = b has at most one

solution for every m x 1 matrix b.

Assume that Ax = b has at most one solution for every m x 1 matrix b. Then,
in particular, Ax = 0 has at most one solution. Thus, Ax = 0 has only the

trivial solution.

O

The last few theorems have dealt with m x n matrices. This next theorem deals

exclusively with square matrices, and their invertibility.

Theorem 5.10. If A is an n X n matriz, then the following are equivalent.

(a) A is invertible.

(b) Ax = 0 has only the trivial solution.

(¢) The column vectors of A are linearly independent.

(d) The row vectors of A are linearly independent.

(e)

The column vectors of A span R™.
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(f) The row vectors of A span R™.

(9) The column vectors of A form a basis for R".

(h) The row vectors of A form a basis for R™.

(i) A has rank n.

(j) A has nullity 0.
Proof. We shall show that (a) = (b) = (¢) = (d) = (¢) = (f) = (9) = (h) =
(1) = (j) = (a)
(a)=(b)
Assume A is invertible and let xg be any solution of Ax = 0; thus, Axe = O.
Multiplying both sides of this equation by the matrix A=! gives A71(Axq) = A710,
or (A7'A)xg = 0, or Ixg = 0, or xg = 0. Thus Ax = 0 has only the trivial solution.
(b)=(c)

If Ax = 0 has only the trivial solution, then by Theorem 5.9 the column vectors of

A are linearly independent.

(©)=(d)=(e)=(f) =(g)=(h)

This follows from Theorems 5.4, 3.5 and the fact that " is an n-dimensional vector
space.

(h)=(1)

If the n row vectors of A form a basis for ", then the row space of A is n-dimensional

and A has rank n.

(1)=0)

This follows from the (Rank Plus Nullity) Theorem 5.6.

(i)=(a)

If A has nullity 0, then the rref of A has no zero rows. Since A is square, this means
that rref(A) = I,, and the rref of the augmented matrix of the system Ax = b is
[I,|b'], for some vector b’ = [0, b},...,b,]T in R". Thus the system Ax = b has

the unique solution z; = b},z9 = b),...,x, = b,. But b’ is obtained from b by

some sequence of elementary row operations, and thus each b}, 1 < i < n is a linear
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combination of by, by, ..., b,. This means that each z; is then a linear combination of
bi,bs,...,b,, and we may write

x = Bb

where B is the coefficient matrix of the system of n equations expressing each x; as

a linear combination of by, by, ..., b,. So
Ax = A(Bb) = (AB)b =b.

Thus AB is the identity matrix I,,, and A is invertible. O
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6 LINEAR TRANSFORMATIONS

Definitions

e If T:V — W is a function that maps a vector space V into a vector space W,
then T is called a linear transformation from V to W if for all vectors u and

v in V and all scalars ¢
(a) T(u+v)=T(u)+T(v)
(b) T(cu) = T (u)
e In the special case where V' = W, the linear transformation 7" : V' — V is called
a linear operator on V.
Examples

1. Let A be an m X n matrix and let T4 : R” — R™ be the function defined by
Ta(x) = Ax for all x € R". Let u and v € R", then

Ta(Au+ pv) = A(Au + pv)
= AMu + pAv
= ATa(u) + pTa(v)
and thus T4 is a linear transformation.

2. If I is the n x n identity matrix, then for every vector x in R”
Ti(x) =Ix=x

so multiplication by I maps every vector in " onto itself. T;(x) is called the
identity operator on R".

3. Let A, B and X be n x n matrices. Then Y = AX — X B is also n x n.
Let V. = M,x,(R) be the vector space of all n x n matrices. Then Y (X) =

AX — X B defines a transformation 7" : V' — V. The transformation is linear
since:
TAX: 4+ uXe) = AANXy + pXy) — (AX) + pX,)B
= MX, 4+ pAXy — A X1b— pXoB
= MAX; — XiB) + u(AX; — X5B)
= AT(X1) + puT(X>)
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Theorem 6.1. If T : R" — R™ is a linear transformation, then there exists an m xn
matriz A such that T = Ty.

Proof. Let x € R" and let T : " — R™. Also let ey, e, ..., e, be the standard basis
for R™. We may write x as

T
T2
X = . =Ti€1 + x2€2 + - -+ Tp€y
xn
Then
T(X) = xlT(el) + $2T(ez) + -+ an(en)
= [T(e1) |T(ez) | - [ T(en)]x
= Ax
where A is the matrix whose columns are the transformation of ey, ez, ..., e,. There-
fore T =T,. O
Example

1. Find the 2 x 2 matrix A such that 7" = T4 has the property that

|-l

As in the preceding proof, the matrix A = [T'(e;) | T'(e2)]. To find T'(e;) and

T(ez), we must express e; and ey in terms of the two vectors whose images

2
and T

under T we do know. Observe that

elzmz_

And it can also be seen that

[

So due to the linearity of 7":

1
1

2
1

+

1
1

2

T(el) =-T 1

+7T
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1

T(e2) =2T 1

+-T

Then the matrix A is [T'(e1) | T'(e2)]:

A=

-1 2
-2 5
6.1 Geometric Transformations in R?2

This section consists of various linear transformations that have a geometrical inter-
pretation. Such transformations form the building blocks for understanding linear
transformations.

Examples of Geometric Transformations

e Operators on R? and 3 that map each vector onto its symmetric image about
some line or plane are called reflection operators. There are three main
reflections in %2. Considering the transformation from the coordinates (z,y) to

(w1, ws) the properties of each operator are as follows.
1. Reflection about the y-axis: The equations for this transformation are
w, = -
wy = Y
That is, T'(z) = —z and T'(y) = y. The matrix A such that T =T}y is
. [ ~1 0 ]
01
To demonstrate the reflection, we consider this example.
-1
|

2. Reflection about the x-axis: The equations for this transformation are

1
Let x = [ 5 |- Then Ty(x) = Ax =

w = X

Wy = —Y
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That is, T'(z) = « and T'(y) = —y. The matrix A such that T = T}y is

=l

To demonstrate the reflection, we consider this example.

o

3. Reflection about the line y = x: The equations for this transformation

1
Let x = [ 5 | Then Ty(x) = Ax =

are
w =y
Wy = X
That is, T'(z) = y and T(y) = z. The matrix A such that T = T}y is
01
10

To demonstrate the reflection, we consider this example.

]

e Operators on 12 and R that map each vector into its orthogonal projection on a

1
Let x = [ . Then Ty(x) = Ax =

line or plane through the origin are called orthogonal projection operators.
There are two main projections in 2. Considering the transformation from the

coordinates (z,y) to (wy,ws) the properties of each operator are as follows.

1. Orthogonal projection onto the z-axis: The equations for this trans-
formation are

w =

Wy =

That is, T'(z) = « and T'(y) = 0. The matrix A such that T =T} is

]
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To demonstrate the projection, we consider this example.

1 1
Let x = . Then Ty(x) = Ax =
2 0
2. Orthogonal projection on the y-axis: The equations for this transfor-
mation are
w, = 0
Wy = Y

That is, T'(z) = 0 and T'(y) = y. The matrix A such that T'=Ty is

[0

To demonstrate the projection, we consider this example.

|

e An operator that rotates each vector in R2, through a fixed angle  is called

1
Let x = l 5 |- Then Ty(x) = Ax =

a rotation operator on R2. There is only one rotation in %2, due to the
generality of the formula. Considering the transformation from the coordinates

(x,y) to (wq,wsy) the properties of the operator are as follows.

Rotation through an angle #: The equations for this transformation
are
w; = xcosf —ysinf

wy = xsinf + ycosh

That is, T(x) = xz cosf — ysinf and T'(y) = zsinf + ycosh. The matrix
A such that T =T, is

A= )
sin 6 cosf

cosf) —sind ]

To demonstrate the projection, we consider this example.

1
Let 6 = 30° and let x = [ ol Then Ty(x) = Ax =

ot
[ w

|
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e If k is a nonnegative scalar, then the operator T'(x) = kx on R? and R? is called
a contraction with factor k£ if 0 < k < 1, and a dilation with factor £ if
k > 1. Considering the transformation from the coordinates (z,y) to (wy, ws)

the properties of each operator are as follows.

1. Contraction with factor k£ on R?, (0 < k < 1): The equations for this

transformation are.

w, = kx

wy = ky

That is, T'(z) = kxz and T'(y) = ky. The matrix A such that T = T}y is

[t

To demonstrate the contraction, we consider this example.

N

1
Letk:%andletx: [2 . Then Ty(x) = Ax =

]

2. Dilation with factor k£ on %2, (k > 1): The equations for this transfor-

mation are

The standard matrix for the transformation is clearly
k 0
A=
0 k
To demonstrate the dilation, we consider this example.

1
Let £k =2 and let x = [2 . Then Ty(x) = Ax =
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6.2 Basic Properties of Linear Transformations

Theorem 6.2. If T : V — W is a linear transformation, then:
(a) T(0) =0
(b) T(—v) = -=T(v) forallv in V.
(c) T(v—w)=T(v)—T(w) for all v and w in V.

Proof. (a) Let v be any vector in V. Since Ov = 0, we have that

T(0) = T(0v) = 0T(v) = 0

(b) Also,

(¢) Finally, v—w = v + —1w; thus,

T(v—w) = T(v+—1w)

O

In words, part (a) of the Theorem 6.2 states that a linear transformation maps

the zero vector in V' onto the zero vector in W. This property is useful for identifying

transformations that are not linear.

6.3 Product of Linear Transformations

Definition

e IfT7:U -V and T, : V — W are linear transformations, the composite of

T, with T denoted by T, o T}, is the function defined by the formula

(T 0 T1)(u) = T3(T: (u))

where u is a vector in U.
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Remark: Observe that this definition requires the domain of 75 (which is V') to
contain the range of 77; this is essential for the T5(77(u)) to be well-defined.
The next result shows that the composition of two linear transformations is itself a

linear transformation.

Theorem 6.3. If T7 : U — V and Ty : V. — W are linear transformations, then
(TyoTy) : U = W is also a linear transformation.

Proof. 1If u and v are vectors in U and s and t are scalars, then it follows from the

definition of a composite transformation and from the linearity of 7 and 75, that

TyoTi(su+tv) = TH(Ti(su+tv))
= To(sTi(u) + tT1(v))
= sTo(Ti(u)) + tTo(T1(v))
= sTyoTi(u) +tTy o Tyi(v)

— —

Examples

1. Let A be an m x n matrix, and B be an n X p matrix, then AB is an m X p
matrix. Also T4 : " — R™, and T : R — R" are both linear transformations.
Then

ToaoTg = Ta(Tp(x))
= ABx
= (AB)x
= Tup(x)

where x € RP. And therefore Ty o Tg = Ty : R — R™.

2. If V has a basis f = {vy,ve} and T : V — V is a linear transformation given
by

T(vy) = 2vyi+3vs
T(Vg) = —7V1 + 8V2
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To find T o T(—vy + 3va) takes two steps as shown below.

T(—V]_ + 3V2) = —T(Vl) + 3T(V2)
= —2V1 — 3V2 + 3(—7V1 + 8V2)
= —23V1 + 21V2

Hence

ToT(—vy+3ve) = T(—23vy +21vy)
= —23T7(v1) + 21T (v2)
= —23(2vy + 3va) + 21(—7vy + 8va)
= —193vy +99v,

6.4 Kernel and Image

Recall that if A is an m x n matrix, then the null space of A consists of all vectors x
in ®” such that Ax = 0. Also, by Theorem 5.7, the column space of A consists of all
vectors b in R™ for which there is at least one vector x in " such that Ax = b. From
the viewpoint of linear transformations, the null space of A consists of all vectors in
R"™ that map to 0 under T4, and the column space of A consists of all vectors in
R™ that are images of at least one vector in R"™ under 74. The following definition
extends these ideas to general linear transformations.

Definitions

e If T:V — W is a linear transformation, then the set of vectors in V' that map
to 0 under 7 is called the kernel of T, denoted by ker(T"). Symbolically,

ker(T) ={v eV |T(v) =0}
o If T:V — W is a linear transformation, then the set of all vectors in W that

are images under 7T of at least one vector in V is called the Image (or range in
some texts) of T’; it is denoted by Im(T). Symbolically,

Im(T)={w e W |w="T(v) for some u € V}

Examples

1. The kernel of the linear transformation 74(x) = Ax is the null space of A, and
the image of T4 is the column space of A.
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2. Let I : V — V be the identity operator. Since Iv = v for all vectors in V,
every vector in V' is the image of some vector (namely, itself); thus, Im(I) = V.
Since the only vector that I maps into 0 is 0, ker (/) = {0}.

3. Let T : 2 — R3 be the orthogonal projection onto the x — y plane. The kernel
of T is the set of points that 7" maps into 0 = (0, 0, 0); these are the points on
the z-axis. Since T maps every point in 2% onto the x — y plane, the image of
T must be some subset of this plane. But every point (z¢,yo,0) in the z — y
plane is the image under 7" of some point; in fact, it is the image of all points
on the line parallel to the z-axis, that passes through (zg,yo,0). Thus Im(T)

is the entire z — y plane.

4. Let T : ®2 — R? be the linear operator that rotates each vector in the z — y
plane through the angle #. Since every vector in the x —y plane can be obtained
by rotating some vector through the angle 6, Im(T) = R2. Moreover, the only
vector that rotates onto 0 is 0, so ker(T") = {0}.

5. Find the kernel of the linear transformation 7" : 8 — R3 given by

So x =y = 0 and z is an arbitrary real number. Therefore the set of vectors of

the form
0

0
z

with z arbitrary is equal to the the kernel of T. (The standard basis vector es
forms a basis for ker(T).)

In all of the preceding examples, ker(T") and Im(T) turned out to be subspaces.
This is no accident, as we see in the following theorem.
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Theorem 6.4. If T : V — W is a linear transformation, then:

(a) The kernel of T is a subspace of V.

(b) The range of T is a subspace of W.

Proof.  (a) For ker(T) to be a subspace, it must contain at least one vector and be
closed under addition and scalar multiplication. By part (a) of Theorem 6.2,
the vector 0 is in ker(T'), so ker(T) is non-empty. Let vy and v be vectors in
ker(T), and let k be any scalar. Then

T(vi+ve)=T(v1)+T(v2)=0+0=0
so that vy + v € ker(T). Also,
T(kvi) =kT(v1)=k0=0
so that kvy € ker(T).
(b) Since T'(0) = 0, there is at least one vector in Im(7T). Let w; and wq be vectors
in the image of 7', and let £ be any scalar. Since w; and wy are in the image

of T, there are vectors a; and az in V' such that T'(a;) = wy and T'(az) = wa.
Let a=a; +a; and b = ka;. Then

T(a) =T(a; +az) =T(a1) + T'(az) = w1 + Wz
and
T(b) = T(kal) = kT(al) = le

Thus wy; + we and kw; are in the image of T, and Im(T) is closed under
addition and scalar multiplication.
]

Theorem 6.5. If T : U — V is a linear transformation and {uy,ug,...,u,} forms
a basis for U, then Im(T) = span(T(uy), T(uz),...,T(uy))

Example
Let A be an m X n matrix and let 7= T4 : R* — R™. Let {e1,e2,...,e,} be the
standard basis for ®”. Then by the previous theorem

Im(Ty) = span(Ta(e1),Ta(ez),...,Ta(en))
= span(Ae;, Aey,. .., Aey,)
= span(ci(A),c2(A),...,cn(A4))
= C(A)
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6.5 Rank and Nullity

In Section 5 of this course, the rank of a matrix was defined to be the dimension of
its column (or row) space and the nullity to be the dimension of its null space. The
following definition extends these definitions to general linear transformations.

Definitions If T : V' — W is a linear transformation,

e then the dimension of Im(T) is called the rank of T', denoted by rank(7),

e and the dimension of ker(T) is called the nullity of 7', denoted by nullity(T).
Examples

e Let U be a vector space of dimension n, with basis {u;,us,...,u,}, and let
T :U — V be a linear transformation defined by

T(uy) =ug,T(uz) =us,---,T(uy-1) =u, and T'(u,) =0

Find bases for ker(T") and Im(7T) and determine rank(7") and nullity (7).

Using the result from Theorem 6.5 it can be stated

Im(T) = span(T(uy), T(uz),...,T(uy))

= span(uz,us,...,uy,)

So uz, us, ..., u, form a basis for Im(7") and hence the rank(7) = n — 1.

Since T'(u,) = 0, u, € ker(T). So span(u,) C ker(T). Conversely, suppose
that u € ker(T"). Then T'(u) = 0. As u is an element of U it can be expressed

as a linear combination of the basis vectors of U, say as

u=2x1uy +Tous+---+,u,

Therefore
T(u) =0=2T(uy) + 22T (uz) + -+ 2,7 (up)
=2jug +2oug+ -+ Tp_1up_1 +0
Due to the linear independence of uy, us, ..., Uy, 21,29, ...,Tn—1 = 0. Therefore

u=2z,u,
So ker(T) C span(uy,) and ker(T) = span(uy). Thus nullity(7)= 1.
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If Ais an m x n matrix and T4 : R — R™ is the transformation T4 (x) = Ax,
then from a previous example, ker(T4) = N(A) and Im(T4) = C(A). Thus, the
following relationship exists between the rank and nullity of a matrix A and the rank

and nullity of the corresponding linear transformation 7'4.

Theorem 6.6. If A is an m x n matriz and Ty : R* — R™ is multiplication by A,
then:

(a) nullity(Ty) = nullity(A)
(b) rank(T4) = rank(A)

Recall from (Rank Plus Nullity) Theorem 5.6 that if A is a matrix with n columns,
then rank(A) + nullity(A) = n. The following theorem extends this result to general

linear transformations.

Theorem 6.7. If T : V — W is a linear transformation from an n-dimensional

vector space V' to a vector space W, then
rank(T) + nullity(T) = dim(V) =n
Proof. The proof is divided into two cases.

Case 1 Let V' be the zero vector space (dim(V)=0). By Theorem 6.2, T(0) = O.
Im(T) = {0} and ker(T) = {0} giving

rank(T) + nullity(T) =0+ 0 = 0 = dim(V).

Case 2 Let V be an n-dimensional vector space with the basis {uj,uz,...,u,}. The

proof can be divided up into three parts.

(a) ker(T) = {0}
Let u € ker(T). Asu € V, it can be expressed as a linear combination of
the basis vectors, say as

u=2xuy + Toug +---+ T,up (1)
As u € ker(T),

T(u) =0=2z,T(ug) + 2T (uz) + - - - + 2,7 (up) (2)
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Since ker(T) = {0}, u = 0. From equation (1), the linear indepen-
dence of uy, uy,...,u, gives that x1,z,,...,2, = 0. It then follows from
equation (2) that T'(uy),7(uz2),...,7T(u,) are linearly independent. It is
known from Theorem 6.4 that Im(T) = span(T(u1),T(uz2),...,T(u,))-
As T(uy),T(up),...,T(u,) are linearly independent they form a basis for
Im(T). It can therefore be stated that

rank(7)+nullity(7) =n+ 0 =n = dim(U)

ker(T)=V

Theorem 6.4 states that Im(T) = span(T(uy), T (uz2),...,T(u,)). How-
ever up, Ug, ..., u, € ker(T). Therefore T'(u;),T(uz),...,T(u,) = 0. So
Im(T) = span(0) = {0}. Therefore

rank(7")+nullity(7) = 0+ n = n = dim(V).

1 < nullity(T) < n

Assume that the nullity(7) = r, and let u;,us,...,u, be a basis for the

kernel. Since {u;,us,...,u,} form a linearly independent set, Theorem
3.6(b) states that there are n — r vectors, Uyy1, Urya,-- ., Uy, such that
{uy,..., 4y, Ups1,...,u,} is a basis for V. To complete the proof it shall

be shown that the n — r vectors in the set S = {T(ury1),...,7(uy)} form

a basis for the image of 7.

First it shall be shown that S spans the image of 7. If b is any vec-
tor in the range of T, the b = T'(u) for some vector u in V. Since
{uy,...,ur,Ups1,...,u,} is a basis for V, the vector u can be written

in the form
u=cuy+---+c¢U + Cy1Upy1 + -+ CyUp.
Since uy, ..., u, lie in the kernel of T, T'(uy),...,T(u,) = 0, so that
b=T(u)=c 1T (ups1)+ -+ c,T(uy)

Thus, S spans the image of 7T'.

We now show that S is a linearly independent set and consequently forms

a basis for the image of T'. Suppose that
kri1T (1) + - -+ kT (uq) =0 (3)
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It must be shown that k,,; = --- =k, = 0. Since T is linear, equation (3)

can be rewritten as
T(kr+1ur+1 + .- + knun) = O

which says that k., iu,yq + -+ + k,u, is in the kernel of 7. This vec-

tor can therefore be written as a linear combination of the basis vectors

{uy,...,u.}, say

kr—|—1ur—|—1 +--- 1+ knun = klul +---+ k'rur

Thus,

klul + -+ krur - kr—l—lur—i—l -t knun =0
Since {uy, ..., uy,} is linearly independent, all of the k;’s are zero; in par-
ticular k,.; =--- =k, = 0. Thus S is a basis for the image of T". Thus

rank(7")+nullity(7) = (n — r) + r = n = dim(V).
U

Example Let T : ®2 — %2 be the linear operator that rotates each vector in the
x — y plane through an angle of . It was showed previously that ker(T) = {0} and
Im(T) = R%. Thus,

rank(7T)+nullity(7) = 2 + 0 = 2 = dim(R?).

6.6 Matrix of a Linear Transformation

In this section it shall be shown that if V and W are finite-dimensional vector spaces,
then with a little ingenuity any linear transformation 7" : V' — W can be regarded
as a matrix transformation. The basic idea is to work with coordinate vectors rather
than with the vectors themselves.

Definition

e Suppose that V is an n-dimensional vector space and W an m-dimensional
vector space, and let T : V' — W be a linear transformation. Let 5 and v be
bases for V and W respectively. Then for each x in V, the coordinate vector
[x]s will be a vector in R", and the coordinate vector [T'(x)], will be a vector

in R™. If there exists an m X n matrix A, such that
Alx]p = [T(x)], (4)
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then A is called the matrix of the transformation relative to bases [

and v and it is written
A= [T]g

Theorem 6.8. Let f = {u,uy,...,u,} and v = {vy,va,..., vy} be bases for the
vector spaces V. and W respectively, and let x € V. IfT : V. — W s a linear

transformation then

(a) the matriz of transformation relative to bases B and v always exists. That is to

say, there always exists a matriz A = [T]g such that

Alxlp = [T(x)],

(b) The matriz of transformation relative to bases § and ~y has the form

[Tp = [[T(u)ly [ [T(uz)ly | - [ [T(un)],]
Proof. Let 8 = {uy,uz,...,u,} be a basis for the n-dimensional space V' and let
v = {Vv1,Va,...,Vim} be a basis for the m-dimensional space W. Then the matrix

[T]; = A must have the form

ay; Q2 - Qip

Q21 Q22 *°° Q2p
A=

Udm1 Am2 *°° Omp

such that equation (4) holds for all vectors x in V. In particular, this equation must

hold for the basis vectors uy, us, ..., uy,; that is,
Alus]g = [T(u1)]y, Aluz]s = [T(uz)]y, - - -, Alun]s = [T'(ua)], (5)
But o o L
1 0 0
0
uip=1 0 |,[uzlg=1] 0 |,...,[un]p =
[ 0 ] | 0 | | 1]
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SO

_ - 1 _ -
a;i; Qa2 - Qip 0 ayl
az1 Q22 -+ Q2n a21
Alwmlg=1| . . . . 0=
i Um1 Q2 Qmp i 0 | A1 i
_ - 0 _ -
ayi; Qa2 - Qip 1 Q12
az1 Q22 -+ Q2n 22
i A1l Q2 - OGmp i 0 | A2 i
0
aix a2 - Qip 0 A1n
a21 Q22 --- Q2 Q2n
Aluplg=| . . . 0=
Am1 Q2 - Qmp 1 Qmn

Substituting these results into equation (4) yields

a11 a2 Q1in
ag1 Q92 G2p

=T, | | =@ | | = [T,
Gm1 Am2 Qmn

which shows that the columns of A are (in order) the coordinate vectors of T'(uy), T'(uz), . . .

with respect to the basis 7. Thus the matrix of the transformation 7" with respect to
the bases 8 and v always exists and is given by

[T]5 = [[T(ud)ly [ [T(uz)ly | --- [ [T(ua)l,]

Examples

1. Let Tg : R — R™ be a linear transformation defined by T(X) = BX where B
is an m x n matrix. Let § = {Eq, E,, ..., E,} be the standard basis for " and
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let v = {ej,e2,...,en} be the standard basis for R™. Then it is known from

the previous theorem that [T]} is the following matrix
[Tsls = [[Ts(E1)ly [ [Ts(E2], | -+ [ [T8(En)],]
For 1 < j < n it follows from the definition of the transformation that
Ts(E;) = BE; = colj(B) = byjer + byjea + -+ + bpjem

therefore

and so [Tp]y = B.

. Let U have the basis § = {uy,uz,us} and let V' have the basis v = {vq, va}.
Let T be the linear transformation defined by

T('I.l]_) = 2V1 + Va, T(llz) =V — Vg, T('I.l3) = 2V2

2 10
1 -1 2

. Let V.= Myyo(R) and let T : V — V be the linear transformation given by
T(X)=BX — XB where X € V and

a b

c d

Let 8 = {E11, F12, Fo1, Eos} be the standard basis for V; that is,

10 0 1 00 00
By = By = By = By =
H [0 0 - [0 0] 2 [1 0 & [0 1]

To find [T]g it is necessary to do the following calculations:

BIFAE I
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Then

[T]p =

B =

T(Eyi) = BEy — BB =




= 0E11 + —bE12 + CE21 + 0E22

10 —=b
e 0

a b 0 1 0 1 a b
(E12) 2 2 cd!OO 00] cd]
—c a—d
= 0 :—CEH+(a—d)E12+0E21+CE22
c
a b 0 0 0 0 a b
(B2 A ¢ d 10 10] cd]
b 0
= ZbEn+0E12+(d—a)E21+—bE22
d—a —b
a b 0 0 0 0 a b
(E22) 2o ¢ d 01] 01] cd]

= 0E11 + bE12 + —CE21 + OEQQ

| 0 b
— 0
So the matrix of the linear operator is

0 —c b 0
—b a—d O b
0 d—a —c

0 ¢ —b 0

115 =

The following theorem follows directly from the definition of the matrix of a linear

transformation.

Theorem 6.9. Let T : V — W be a linear transformation, and let 8 and 7y be bases
for' V and W respectively. Then if veV

[T'(v)]y = [TT3[v]s
Example

1. Let U have the basis 8 = {u;,us,us} and let V have the basis v = {vy,va}.
Let T be the linear transformation defined by

T(ul) = 2V1 + Va, T(uz) =V; — Vg, T(u3) = 2V2

7



Given that u = 3u; + —2us + Tug

3
[U]/fj = -2 ’ and [T]g =
7

3
[T(w)]y = [T]3[uls = h —1 g] 2= ! 149]
7

Hence T'(u) = 4vy + 19v,.

2 10
1 -1 2

Hence

The following theorem gives a recipe for finding bases for ker(T) and Im(T). The
proof is omitted, but the result is demonstrated in the example following.

Theorem 6.10. Let A be the m x n matriz such that A = [T|;, where T : V. — W

is a linear transformation, and B = {vy,va,...,vn} and v = {wy,Wa,..., Wi} are
bases for V. and W respectively. Let s = nullity(A) and r = rank(A). Then suppose
that

for 1 < j <'s, form a basis for N(A), while col., (A),col.,(A),...,col.(A) form a
basis for C(A). Then

1. (a) the vectors uy,ug,...,us defined by
'I.lj = iL'le;[ + $2jV2 + -4 xnjvn

will be a basis for the kernel of T
(b) the vectors T(ve,), T (Vey), ---, T (Ve,) form a basis for the image of T.

2. If N(A) = {0}, then ker(T) = {0}
If C(A) = {0}, then Im(T) = {0}

3. rank(T) = rank(A) and nullity(T ) = nullity(A).
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Example

1. Let T : V — W be a linear transformation, and let 8 = {vy,va,v3} and v =
{w1,wa, w3} be bases for V and W respectively. T is the linear transformation
given by

T(vi) = Wi+ W+ —ws
T(ve) = 2w;+ —3wy
T(vs) = 3wy+ —2wa+ —w3

1 2 3
A= 1 -3 -2
-1 0 -1
Let B =rref(A), then
1 01
B=|011
000
Any solution vector is a scalar multiple of the vector
—1
xX3=| —1
1

and this vector is thus a basis for N(A). It follows from Theorem 6.10 that

—Vv1 — Vo + vg is a basis for the kernel of T'.

It can also be seen that coly(A), cola(A) form a basis for C(A). So T(v1) and
T(vg) form a basis for Im(T).

6.7 Similar Matrices

The matrix of a linear operator 7' : V' — V depends on the basis selected for V. One
of the fundamental problems of linear algebra is to choose a basis for V' that makes
the matrix for 7" as simple as possible - diagonal or triangular, for example. This
section is devoted to the study of this problem.

To demonstrate that certain bases produce a much simpler matrix of transforma-

tion than others, consider the following example.
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Example

1. Standard bases do not necessarily produce the simplest matrices for linear op-

erators. For example, consider the linear operator 7" : ®2 — R? defined by

T T . T+ T2
ZT9 —2371 + 4.’1}2

and let 3 = {e;, ez} be the standard basis for 2. By Theorem 6.8, the matrix
for T" with respect to this basis is

[T15 = [[T(e1)]s | [T(e2)]s] = [T(e1) | T(e2)]

(we shall refer to the matrix for a transformation 7" with respect to the stan-

dard basis as the standard matrix for 7".) From the definition of the linear

11
-2 4

transformation 7',

1
—2

T(e1) = [

By Theorem 6.8, the matrix for 7" with respect to the basis 7 is

[T} = [[T(a1)]y | [T (uz)],

From the definition of the linear transformation 7',

Hence

2
0

rwn,=[ 2], =[] -

This matrix is ‘simpler’ in the sense that diagonal matrices enjoy special prop-

erties that arbitrary matrices do not.
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Much research has been devoted to determining the ‘simplest possible form’ that
can be obtained for the matrix of a linear operator 7" : V — V, by choosing the
basis for V' appropriately. This problem can be attacked by first finding a matrix for
T relative to any basis, say a standard basis, where applicable, then changing the
basis in a manner that simplifies the matrix. Before pursuing this idea further, it is
necessary to grasp the theorem below. It gives a useful alternative viewpoint about
change of basis matrices; it shows that the change of basis matrix from a basis f to

v can be regarded as the matrix of transformation of the identity operator.

Theorem 6.11. If B and vy are bases for a finite-dimensional vector space V', and if

I1:V — V s the identity operator, then [I]g 1s the change of basis matriz from B to
.

Proof. Suppose that 8 = {uj,us,...,u,} and v = {vy,va,...,v,} are bases for V.
Using the fact that I(x) = x for all x € V, it follows that

Iz = [[I(us)ly | [T(u)ly | - [[1(un)],]
= [[ualy [[wz]y [ --- [ [un]]
which by Theorem 3.8 is the change of basis matrix from 3 to 7. O

Problem: If § and 7 are two bases for a finite-dimensional vector space V', and if

T :V — V is a linear operator, what relationship, if any, exists between the matrices
[T} and [T]2?

To answer this question we consider the composition of three linear operators. Let
v be a vector in V. Let v be mapped onto itself by the identity operator, then let
v be mapped onto T'(v) by 7', then let T(v) be mapped onto itself by the identity
operator. All four vector spaces involved in the composition are the same (namely
V'); however, the bases for the spaces can vary. Since the starting vector is v and the

final vector is T'(v, the composition is the same as T'; that is,
T=IoTol

If the first and last vector spaces are assigned the basis v and the middle two spaces
are assigned the basis [, then it follows from the previous statement 7= 10T o I,
that

[T = [ oT o I]2 = [I}[T1511°
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But it follows from Theorem 6.11 that []? is the change of basis matrix from 7 to
and consequently [I]} is the change of basis matrix from § to v. Thus, let P = [I]?,
then P~" = [I]} and hence

(T = PTP

Theorem 6.12. Let T : V — V be a linear operator on a finite-dimensional vector
space V', and let B and 7y be bases for V. Then

[T], = P [T]3P (6)
where P is the change of basis matriz from ~ to .

Remark: When applying Theorem 6.12, it is easy to forget whether P is the change
of basis matrix from S to v or the change of basis matrix from v to 5. Just remember
that in order for [T]g to operate successfully on a vector v, v must be expressed in
terms of the basis 5. Therefore, due to P’s positioning in the formula, it must be the
change of basis matrix from ~ to .

Example

1. Let T : ®2 — %2 be defined by

T T N 1+ X9
) —2331 + 4.%‘2

Find the matrix of 7' with respect to the standard basis 3 = {ey, es} for R?, then
use Theorem 6.12 to find the matrix of 7" with respect to the basis v = {u;, us},

1 1
u; = , Ug =
! 1 2 9

1 1]
—2 4

where

It was shown earlier that

115 =

To find [T] from (6), we require the change of basis matrix P, where
P = [1]§ = [[u1]s | [u2],]
By inspection

u; = e;+es

U = e+ 262



so that
[ul]/i: [1]’ [u2]ﬁ: [;] and P =

The inverse of P is
Pl 2 —1
-1 1

so that by Theorem 6.12 the matrix of T relative to the basis 7 is

H BN E

which agrees with the result from the previous example.

7] = PTYP =

The relationship in (6) is of such importance that there is some terminology associated
with it.
Definition

e If A and B are square matrices, it is said that B is similar to A if there is an
invertible matrix P such that B = P~1AP.

It follows from the definition that two matrices representing the same linear op-
erator T :' V. — V with respect to different bases are similar. The following example
demonstrates just this phenomenon. It helps to remember that a change of basis in
R? or N2 really just amounts to a change in the coordinate system. When reading the
following example, note how the choice of the coordinate system can greatly simplify
the form of the matrix of the transformation.

Example

1. Let [ be the line in the z — y plane that passes through the origin and makes
an angle § with the positive z-axis, where 0 < § < 7. Let T : ®2 — R? be the
linear operator that maps each vector into its reflection about the line /.

(a) Find the standard matrix for 7. (Remember that the standard matrix is

the matrix of the linear operator relative to the standard basis.)

(b) Find the reflection of the vector x = (1,2) about the line [ through the

origin that makes an angle of § = % with the positive z-axis.
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Solution:

(a) This problem could be solved by trying to construct the standard matrix

from the formula
[T]g = [T'(e1) | T'(e2)]

where 8 = {e;, ex} is the standard basis for 2. However, it is easier to
use a different strategy: Instead of finding [T]g directly, it is simpler to
first find the matrix [T]] where

fy = {ula u2}

is the basis of a unit vector u; along [ and a unit vector us perpendicular

to I. Once [T]) has been found, it is simply a matter of using Theorem

6.12 to perform a change of basis to find [T]g The computations are as

follows:
T(u;) =uy and T(uz) = —uy
7)), = [ : ] and [T (u3)], = [ ° ]
Thus,
, |1 0

It is clear from the geometry of the problem that

] = !c?sZ] and [us] = [ —sinH]

sin cos @

Therefore the change of basis matrix from 3 to v is

P = [ W], | [uz], ] - [Z?zz _:(I)I;Z]

It follows from equation (6) that

[T]; = PIT]; P~
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Thus, the standard matrix for 7 is

[T]g:P[T]A,P_l _ [ cos —sind 1 0 cosf sinf
g v sinf  cosf 0 —1 —sinf cosf

| cos?0 —sin®6  2sinfcosf
N 2sinfcosf  sin?6 — cos? P

sin 260 cos 20

. cos 20 sin 20 ]

(b) It follows from part (a) that the formula for 7" in matrix notation is

e T | cos 260 sin 260 z
Y | sin20 cos20 Y

Substituting ¢ = % in this formula yields

1
2

dBIRERIIBE

Thus, T([1,2]) = [£ + /3,2 —1].

It has already been stated that the selection of the correct basis can result in a
simpler form of the matrix of linear transformation 77 : V" — V. In the previous
example, the selection of the basis 7 resulted in a diagonal matrix of transformation.
Given the computational advantages of diagonal matrices (refer to section 1.6.1), it is
important to find ways (if possible) to choose a basis for V such that the transforma-
tion matrix is diagonal. This problem can be stated in another way. Given an n x n
matrix of transformation [T]g, what change of basis matrix P is required such that

P_I[T]gP is a diagonal matrix. This very problem is attacked in the next section.
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7 EIGENVALUES AND EIGENVECTORS

This section will be concerned with the following two problems.

1. The Diagonalization Problem (matrix form). Given an n x n matrix A,
does there exist an invertible matrix P such that P"*AP is a diagonal matrix?
Or to state it in another way: If A is an n xn matrix, does there exist a diagonal
matrix D such that A is similar to D?

2. The Eigenvalue Problem: If A is an n X n matrix, are there nonzero vectors
x in R™ such that Ax is a scalar multiple of x?

These two problems are very closely related. In fact, a solution to the eigenvalue
problem leads to a solution of the diagonalization problem. We first consider the

eigenvalue problem.

7.1 The Eigenvalue Problem

Definition

e If A is an n X n matrix, then a nonzero vector x in R” is called an eigenvector
)

of A if Ax is a scalar multiple of x; that is,
Ax = Mx

for some scalar X\. The scalar A is called an eigenvalue of A, and x is said to

be an eigenvector of A corresponding to .
Examples - VERIFYING EIGENVALUES AND EIGENVECTORS

1. For the matrix
2 0

0 -1

A=

verify that x; = (1,0) is an eigenvector of A corresponding to the eigenvalue
A1 =2, and x2 = (0,1) is an eigenvector of A corresponding to the eigenvalue
)\2 = —1

Multiplying A by x; produces

w3 ]2 [
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Thus x; = (1,0) is an eigenvector of A corresponding to the eigenvalue A\; = 2.

Similarly, multiplying A by x5 produces

2 0 0 0 0

Thus x2 = (0, 1) is an eigenvector of A corresponding to the eigenvalue Ay = —1.

2. For the matrix

1 -2 1
A=10 00
0 11

verify that x; = (—3,—1,1) and x2 = (1,0,0) are eigenvectors of A and find

their corresponding eigenvalues.

Multiplying A by x; produces

1 -2 1 -3 0 -3
Ax; =10 0 0 -1 =10]|=0| =1 [ =0x3 =\x3
1 0 1

Thus x; = (—3,—1,1) is an eigenvector of A corresponding to the eigenvalue
A =0.

Similarly, multiplying A by x2 produces

1 -2 1 1 1 1
Ay =0 0 0 0[=]10]=1|0]=1x2=Aox2
0

Thus x2 = (1,0, 0) is an eigenvector of A corresponding to the eigenvalue Ay = 1.

7.1.1 Determining the Eigenvalues

Theorem 7.1. Let A be n x n, A € R. Then X is an eigenvalue of A if and only if

it 18 a solution to the equation
det(M, — A) =0
Proof. Assume Ax = A\x, x # 0 and x € R", then
Ax = Ax = [, \x = A\[,)x
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SAx—Ax=0
(M, —A)x=0

Since x # 0, this last equation gives that the matrix (Al — A) cannot have an

inverse (otherwise x = 0 would be the one and only solution). Thus
det(A, — A) =0
The values of A that satisfy this condition are the eigenvalues of the matrix A. [

Remark: Note that det(4A — AI,) = 0 also completely characterises the set of eigen-
values.
Definitions

e The equation det(\I,, — A) = 0 is called the characteristic equation of A.

e The polynomial det(zl, — A) is called the characteristic polynomial of A,
and is denoted by ch4(z).

e If ) is an eigenvalue of A and
cha(z) = (z = A)"- g(z), g() #0
then ¢ is called the algebraic multiplicity of A and is denoted by a4()).
Examples

1. Let A be the general n x n matrix given by

ailr Qi -+ Aip

Q21 Q22 -+- QA2p
A=

Qp1 Gp2 - QGpp

Then the characteristic polynomial of A is given by

T —ai —a12 Tt —Q1n
—a21 T — Qg - —Q2q
chalz) = det(zl, — A) =
n
—0n1 —0p2 0 T — App
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2. Let A be the 2 x 2 matrix

-2 -1
cha(z) = det(x, — A) = | * —(r-22-1=(z—1)(z—3)
-1 z—-2
So the eigenvalues of A are \; = 1,A, = 3. Note also that a4(1) = 1 and
aA(?)) = 1.
3. Let A be the 4 x 4 matrix
1 0 00
A 0 2 00
0 03O0
0 0 0 4

z—1 0 0 0
0

chy(z) = det(zl, — A) = 0 0 z—3 0

0

=(z—1)(z—2)(z —3)(z —4)

So the eigenvalues are A\; = 1, A\ = 2, A\3 = 3, \y = 4. Note also that as(1) =1,
a4(2) =1,a4(3)=1and as(4) = 1.

Remark: The previous problem reveals another property of diagonal matrices.
The eigenvalues of a diagonal matrix are always equal to the entries on the

diagonal. (Prove it!)

7.1.2 Determining the Eigenspace

The following theorem characterises the eigenvectors of a matrix A corresponding to

an eigenvalue \.

Theorem 7.2. Let A be an n X n matriz and X\ be an eigenvalue of A. The eigen-

vectors of A corresponding to A are the nonzero solutions of (A, — A)x = 0.

If Ais an n x n matrix with an eigenvalue A and a corresponding eigenvector X,
then every nonzero scalar multiple of x is also an eigenvector of A corresponding to

A. To see this, let ¢ be a nonzero scalar:

A(ex) = ¢(Ax) = ¢(Ax) = A\(cx)
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Thus cx is also an eigenvector of A. It is also true that if x; and x5 are eigenvectors

to the same eigenvalue A, then their sum is also an eigenvector corresponding to A:
A(Xl + X2) = AXI + AX2 = )\Xl + )\Xz = )\(Xl + Xz)

Thus the set of all eigenvectors of a given eigenvalue A, along with the zero vector,
form a subspace of R".
Definitions

e If )\ is an eigenvalue of A, the subspace N(AI, — A) is called the eigenspace
of A corresponding to A. It is written Ea(\) = N(A, — A).

e The dimension of E4()) is called the geometric multiplicity of A and is
denoted by g4(A) = nullity(\], — A).

Examples - FINDING EIGENVALUES AND EIGENVECTORS

1. Find the eigenvalues and corresponding eigenvectors of the matrix
2 —12
1 =5

Also find the geometric multiplicity of each eigenvalue.

A=

The characteristic equation of A is given by

A—2 12
-1 A+5
= A=2)(\+5)+12
= M 4+32-10+12
= A 430+2

= A+2)(A+1)=0,

which gives Ay = —1 and Ay = —2 as the eigenvalues of A. Both eigenvalues

have an algebraic multiplicity of one. To find the corresponding eigenvectors,

Gaussian elimination is used to solve the homogenous linear system (Al,—A)x =

0 twice: first for A = Ay = —1, and then for A = A\ = —2. For \; = —1, the
coefficient matrix is

—1-2 12 | -3 12

12T

1), — A=
(=D)L ~1 —1+45
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which row-reduces to

o)

Therefore 1 — 4z = 0. Letting 25 = ¢ (an arbitrary scalar), every eigenvector
of \; is of the form

1 4t 4
[z L2101
So E4(—1) = span([4 1]¥) and ga(—1) = 1.

For Ay = —2, the coefficient matrix is

—-2-2 12
-1 —24+95

1 -3
0 0

Therefore z1 — 3xo = 0. Letting x5 = ¢ (an arbitrary scalar), every eigenvector

which row-reduces to

of )\, is of the form

T 3t 3
SBRGENE
So Ea(—2) = span([3 1]") and ga(-2) = 1.

. Find the eigenvalues and corresponding eigenvectors of the matrix

A=

S O N
S NN =
N O O

Also determine the geometric multiplicity of each eigenvalue.

The characteristic equation of A is

Mz—Al=| 0 X=2 0 |[=(0\-2°=0.
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Thus the only eigenvalue is A = 2. Note that a4(2) = 3. To find the eigenvectors
corresponding to A = 2, the homogenous linear system represented by (21, —
A)x = 0 must be solved.

0 -1 0
0

This implies that o = 0. Therefore, using the parameters s = x; and ¢ = z3

(for arbitrary scalars s and t), the eigenvectors of A = 2 are of the form

T s 1 0
X=|xzy | =10 =s5]0]|+t]0
T3 t 0 1

where s and t are not both zero. So E4(2) = span([1 0 0],[0 0 1]), and
gA(2) = 2.

Summary - FINDING EIGENVALUES AND EIGENVECTORS
Let A be an n X n matrix.

1. Form the characteristic equation |AI,, — A| = 0. It will be a polynomial equation

of degree n in the variable .
2. Find the roots of the characteristic equation. These are the eigenvalues of A.

3. For each eigenvalue );, find the eigenvectors corresponding to \; by solving the
homogeneous system (A I, — A)x = 0. To do this we row-reduce the n x n
matrix (A\; I, — A). The resulting reduced row-echelon form must have at least

one row of zeros (otherwise it would be invertible).

7.1.3 Eigenvalues and Eigenvectors of Linear Transformations

This section began with the definition of eigenvalues and eigenvectors in terms of
matrices. However, these definitions could have just as easily been given in terms of
linear transformations. A number ) is called an eigenvalue of a linear transformation
T :V — V if there is a nonzero vector x such that 7'(x) = Ax. The vector x is called
an eigenvector of 7" corresponding to A, and the set of all eigenvectors of A (with

the zero vector) is called the eigenspace of \.
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Consider the linear transformation 7' : 2 — R3, whose matrix relative to the

standard basis [ is

13 0
A=131 0
00 -2

The matrix of T relative to the basis 7 = {u;, uz, ug} where

1 1
w=|1|(, w=|-1|, ug=
0 0 1
is the diagonal matrix
4 0 0
TI7=10 -2 0
0 0 =2

For a given transformation 7', how can one know what basis to choose so that the
corresponding matrix of transformation is diagonal? FEigenvalues and eigenvectors
provide the answer. Consider the matrix of transformation [T]g Finding the eigen-

values and eigenvectors of

13 0
Tl;=131 0
00 —2

The eigenvalues can be found by considering the characteristic equation:

A-1 -3 0
Mz—Al = | =3 A=1 0
0 0 A+2
= (A+2)[(A—=1)>-9

= A+2)(N* =22 —-8)= (A +2)>(A—4)

The eigenvalues of A are Ay = 4 and A\ = —2. The eigenspaces for these two

eigenvalues are as follows:

E4(4) = span 1

93



1 0
E4(—2) = span -1,
0 1

Two very interesting points should be observed.
o Let 7T : 2 — N3 be the linear transformation whose standard matrix is A, and

let v be the basis of R made up by the three linearly independent eigenvectors

just found of A. Then [T), as stated earlier is diagonal

4 0 O
=10 -2 o0
0 0 -2

e The main diagonal entries of the matrix [T'] are the eigenvalues of A.

The next section formalizes these two results and gives the necessary criterion
that ensure that a matrix A is similar to a diagonal matrix.
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7.2 Diagonalization

The first objective in this section is to show the equivalence (that was suggested at in
the previous section) of the following two problems, which on the surface seem quite
different.

The Eigenvector Problem: Given an n x n matrix A, does there exist a basis for
R™ consisting of eigenvectors of A7

The Diagonalization problem (Matrix Form): Given an n x n matrix A, does
there exist an invertible matrix P such that P~'AP is a diagonal matrix?

Definition

e A square matrix A is called diagonalizable if A is similar to a diagonal matrix;
that is, if there is an invertible matrix P such that P~ AP is a diagonal matrix.
The matrix P is said to diagonalize A.

The following theorem shows that the eigenvector problem and the diagonalization

problem are equivalent.

Theorem 7.3. If A is an n X n matriz, then the following are equivalent.
(a) A is diagonalizable.
(b) A has n linearly independent eigenvectors.

Proof. (a) = (b)

Since A is diagonalizable, there is an invertible matrix P

Pu1 P12 - DPin
p— P.21 p'22 T P?n
Pn1 Pn2 " Pnn
such that P~'AP = D, where
A O 0
D 0 /\.2 0
0 0 A
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It follows from the formula P~'AP = D that AP = PD; that is,

P11 Pi2 - DPin A0 - 0
AP — P'21 P'22 p?n 0 /\.2 0
Pn1 Pn2 **° DPnn 0 0 Tt )\n
AP AePi2 - ApPin
B AiP21 Agpaa -t ApDon
)\lpnl )\2pn2 e )‘npnn
Let p1, P2, - -, Pn denote the column vectors of P. Then the columns of AP are (in

order) \ip1, A2P2,-- -, AyPn- Considering the product AP by columns, we have:

Apl = )\11)1, Apz = )\21)2, ey Apn = )\n
Since P is invertible, its column vectors are all nonzero. Thus A, \o,..., )\, are
eigenvalues of A, and py,ps2,...,Pn are the corresponding eigenvectors. Since P is

invertible, Theorem 5.10 gives that py, ps, ..., pn are linearly independent. Thus, A
has n linearly independent eigenvectors (and from Theorem 3.5, these form a basis

for R™).

(b) = (a)
Assume that A has n linearly independent eigenvectors, pi1, P2, ---,Pn With corre-
sponding eigenvalues A1, Ao, ..., A,, and let

Pir P12 - Pin

p— P.21 p'22 p?n

Pni Pn2 " Pnn
be the matrix whose column vectors are py,ps2,...,Pn- Lhe column vectors of the
product AP are

Apla Ap2a .. aApn
But
Ap1 = Mip1, Ap2 = AoP2; -+, APn = AyPn
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so that

Atp11 A2P12 APl
AP — /\1?21 )\2?22 )‘n?2n
| )\lpnl )\2pn2 o )‘npnn

P11 P12 Pin A 0 - 0

c Do 0 X\ --- 0

o L |
_pnl Pn2 - - Pnn 0 0o --- )\n
where D is the diagonal matrix having the eigenvalues of Aj, Ao, ..., A, on the main

diagonal. Since the column vectors of P are linearly independent, P is invertible;
thus P~'AP = D and A is diagonalizable.
O

7.2.1 Procedure for Diagonalizing a Matrix

Theorem 7.3 guarantees than an nxXn matrix with n linearly independent eigenvectors

is diagonalizable, and the proof provides the following method for diagonalizing A.
Step 1. Find n linearly independent eigenvectors of A, say, p1,P2;---, Pn-
Step 2. Form the matrix P having p1, P2, .., Pn as its column vectors.

Step 3. The matrix P~'AP will then be diagonal with A, \g,...,\, as its suc-
cessive diagonal entries, where ); is the eigenvalue corresponding to p;, for

i=1,2,...,n.

In order to carry out Step 1 of this procedure, one first needs a way of determining
whether a given n x n matrix A has n linearly independent eigenvectors, and then
one needs a method for finding them. One can address both problems at once by
finding bases for the eigenspaces of A. Later in this section it shall be shown that
those basis vectors, as a combined set, are linearly independent, so that if there is a
total of n such vectors, then A is diagonalizable, and the n basis vectors can be used
as the column vectors of the diagonalizing matrix P. If there are fewer than n basis

vectors, the A is not diagonalizable.
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Examples: DIAGONALIZING MATRICES

1. Find a matrix P that diagonalizes

0 0 =2
A=11 2 1
1 0 3

The characteristic equation of A is given by
A-1)(A=2)%*=0

and the corresponding eigenspaces have the bases shown below

-1
A=2: p1= 0, p2=|1
0
-2
A=1 P3 = 1
1

There are three basis vectors in total, so the matrix A is diagonalizable and

-1 0 =2
P = 01 1
1 0 1

diagonalizes A. To check this:

10 2}[00—2][—10—2] 2 0 0

P7'AP = 11 1 12 1 01 1]1=1]020
{—10—1J{10 3J{10 1J [001J

There is no preferred order for the columns of P. Since the i'* diagonal entry

of P'AP is an eigenvalue of the i"® column vector of P, changing the order of

the columns of P just changes the order of the eigenvalues on the diagonal of

P 1AP. So if we had let

-1 -2 0
P = 0 1 1
1 1 0

98



then the diagonal matrix similar to A would be

200
PT'AP=]01 0
0 0 2
2. Find a matrix P that diagonalizes
100
A= 1 20
-3 5 2

The characteristic equation of A is given by
A—1 0 0
Mz—Al=| -1 A=2 0 |=A-1DXA-=-22%=0
3 -5 A=2

The eigenvalues of A are A\; = 1 and Ay = 2. The bases for the eigenspaces of
A1 and A, are:

&y
b
—~

—_
~—

Il
°
[y

I

I
= 00| 0o+

Since A is a 3 x 3 matrix and there are only two basis vectors in total, A is not
diagonalizable.

There was an assumption made in the previous examples, that the column vectors
of P, which are made up of basis vectors from the various eigenspaces of A, are
linearly independent. The following theorem addresses this issue.

Theorem 7.4. Ifvy,va, ..., vy are eigenvectors of A corresponding to distinct eigen-

values A1, Ag, ..., A, then {v1,va, ..., vk} is a linearly independent set.

Proof. Let vy,va,..., vk be eigenvectors of A corresponding to distinct eigenvalues

A1, A2, -« oy Ag. Assume that vy, va, ..., vy are linearly dependent (to obtain a contra-
diction).
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Since an eigenvector is nonzero by definition, {v;} is linearly independent. Let r be
the largest integer such that {vy,va,...,v,} is linearly independent. Assuming that
{v1,Vva,..., vk} is linearly dependent, r satisfies 1 < r < k. Moreover, by definition
of r, {v1,va,...,vpi1} is linearly dependent. Thus, there are scalars ¢, ¢y, ..., ¢y,

not all zero, such that

vy t+ceve+ o+ Gy Ve =0 (7)

Multiplying both sides of (7) by A and using

Avy = Avy, Ave = Aova, ..., AVeir = My1Vesa
we obtain:
C1AIVL + AV + -+ G A1 Ve = 0 (8)
Multiplying both sides of (7) by A.;1 and subtracting the resulting equation from
(8) gives
1M = Ap)vi Feo( Ao — Ag)va + -+ (A — A1) ve =0
Since {vy,Va,...,V,} is a linearly independent set,
01()\1 - )\r—l—l) = 02()\2 - )\r—l—l) == cr()\r - )\r—|—1) =0
and since A1, Ao, ..., A1 are distinct, it follows that
ci=c=--=¢=0 9)

Substituting these values into (7) yields
Cr41Ver1 =0

Since the eigenvector v, is nonzero, it follows that

cr41 =0 (10)
Equations (9) and (10) contradict the condition that ¢y, o, ..., ¢,11 are not all zero,
which resulted from the assumption that vi, va, ..., vy were linearly dependent. Thus
Vi, Vs, ..., Vi are linearly independent. U
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7.2.2 Conditions on Diagonability

The previous theorem leads to some results regarding the diagonability of matrices.

The next theorem is a direct result of Theorem 7.4.

Theorem 7.5. If an n X n matrix A has n distinct eigenvalues, then A is diagonal-

izable.

Proof. If {vy,va,..., vy} are eigenvectors corresponding to the distinct eigenvalues
A1, A2y ..oy A, then by Theorem 7.4 {vy,vs,...,v,} are linearly independent. Thus,
A is diagonalizable by Theorem 7.3. O
Examples

1. That the matrix

0 1 0
A=|10 0 1
4 —17 8

has three distinct eigenvalues, Ay =4,y =2 + V3, A3 = 2 — /3. Therefore, A
is diagonalizable. Further,

4 0 0
P'AP=|0 2+3 0
0 0 2-+3

for some invertible matrix P. If desired, the matrix P can be found using the

method outlined previously.

2. The eigenvalues of a triangular matrix are the entries on its main diagonal.
Thus, a triangular matrix with distinct entries on the main diagonal is diago-

nalizable. For example,

-1 2 4 0
1
A 0 3 7
005 8
000 -2

is a diagonalizable matrix.

There is one final result that is well worth mentioning. Although the proof of this
theorem is well beyond the scope of this course even an elementary understanding of
this theorem will lead to a fuller understanding of diagonability.
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Theorem 7.6. If A is a square matriz, then:

(a) For every eigenvalue of A, the geometric multiplicity is less than or equal to the

algebraic multiplicity.

(b) A is diagonalizable if and only if the geometric multiplicity is equal to the alge-

braic multiplicity for every eigenvalue.

Given the previous three theorems, we can however easily see that part (b) of
Theorem 7.6 follows directly from part (a).
Example

1. Consider the 3 x 3 matrix
500
A=|[1 50
01 4
A is a lower triangular matrix, hence the eigenvalues are the entries on the
main diagonal. Therefore \; = 5 and Ay = 4. Note also that as(5) = 2 (it
occurs on the main diagonal twice), and a4(4) = 1. Consider the eigenspace

corresponding to the eigenvalue A\; = 5.

o

E4(5) = span

—_ =

Thus ga(5) = 1. Note that ga(5) = 1 < 2 = aa(5) and hence by Theorem
7.6(b) the matrix A is not diagonalizable. One does not even have to check the
dimension of the eigenspace of Ay = 4. Theorem 7.6 becomes extremely handy

in matrices of size larger than 3.

7.3 Orthogonal Diagonalization

For most matrices, much of the diagonalization process must be completed before
it can be determined whether or not the matrix is diagonalizable. One exception is
the set of all triangular matrices with distinct entries on the main diagonal. This
section will study another type of matrix that is guaranteed to be diagonalizable: a
symmetric matrix. It will be shown that these symmetric matrices are diagonalized
by a matrix whose columns consist of an orthogonal set of eigenvectors. Before
establishing this, however, it is important to grasp some theory regarding symmetric
and orthogonal matrices.
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7.3.1 Symmetric Matrices

Definitions
e A square matrix A is symmetric if A = A7,
Examples: SYMMETRIC MATRICES AND NON-SYMMETRIC MATRICES

1. The following matrices are symmetric:

-2 4 3 2
3 0 3 7 6
-2 0 5 2 61

2. The following matrices are almost symmetric, but almost is not good enough :(
They are non-symmetric.

34 0 2 5 95
2 -1 5 2 8
7 6 8 2

Unlike non-symmetric matrices, symmetric matrices have a series of very useful
properties regarding their eigenvalues which guarantee their diagonability. These

properties are summarised in the following theorem.

Theorem 7.7. If A is an n X n symmetric matriz, then the following properties are
true.

(a) All eigenvalues of A are real.
(b) If \ is an eigenvalue of A, then as(A\) = ga(A) for all \.
Hence Theorem 7.6 guarantees the diagonability of symmetric matrices.

The proof of this theorem requires some knowledge of complex vector spaces and
is therefore omitted. However, the following two examples demonstrate parts (a) and
(b) of the theorem respectively.

Examples
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1. It can be shown that a 2 X 2 symmetric matrix always has real eigenvalues and

is always diagonalizable. Consider the general 2 x 2 symmetric matrix A where

a ¢
c b

The characteristic polynomial of A is given by

A=

A—a —c

M, — Al =
AL = A —¢ A—b

=X —(a+bA+ab-c?

As a quadratic in A, this polynomial has a discriminant of
(a+b)?—4(ab—c®) = a®+ 2ab+ b* — dab — 4c?
= a’—2ab+b* — 42
= (a—0b)”+4c
Since this discriminant is the sum of two squares, it must be either zero or
positive. Therefore the eigenvalues are always real. Also A must always be

diagonalizable. Consider the two cases. If (a — b)> — 4¢®> = 0, then a = b and

¢ = 0, which implies that A is already diagonal. That is,

a 0
0 a
On the other hand, if (a — b)? + 4¢? > 0, then by the Quadratic Formula the

characteristic polynomial of A has two distinct real roots, which implies that A

A=

has two distinct eigenvalues. Thus A is diagonalizable in this case also.

2. Find the eigenvalues of the symmetric matrix

1 -2 0 O
-2 1
A= 0 0
0o 0 1 -2
0 0 -2 1

and determine the dimensions of the corresponding eigenspaces.
The characteristic polynomial for A is given by

A—1 2 0 0
2 A-1 0 0
0 0 Xx-1

0 0 2 -1

A, — Al = =(A+1)*(A—3)?
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Thus the eigenvalues of A are \; = —1 and Ay = 3. Since each of these eigenval-
ues has a algebraic multiplicity of 2, from Theorem 7.7(b), the corresponding
eigenspaces also have a dimension of 2. Specifically, the eigenspace of \; = —1

has a basis of

BER
={lo | |1

and the eigenspace of Ay = 3 has a basis of

1 0
] - 0
7= ol | 1
0 1

and hence the matrix is diagonalizable.

7.3.2 Orthogonal Matrices

Recall that to diagonalize a square matrix A, an invertible matrix P is needed such
that P *AP is diagonal. For symmetric matrices, it shall be shown that the matrix
P can be chosen to have the special property that P~!' = P?. This unusual matrix
property is defined as follows

Definitions
e A square matrix P is called orthogonal if it is invertible and P~ = PT.

Example: AN ORTHOGONAL MATRIX
p_ [ 0 1 ]
-1 0

pi=pr=|? 7!
10

Recall also that two vectors p; and ps, are orthogonal in R” if and only if p; -p2 =

1. The matrix

is orthogonal since

0, and they are orthonormal if in addition, ||p;|| = 1 for ¢ = 1,2. In the previous
example, it can be observed that the columns of P form an orthonormal set of vectors.
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Theorem 7.8. An n x n matriz P is orthogonal if and only if its column vectors

form an orthonormal set.

Proof. Suppose that the column vectors of P form an orthonormal set:

P = [p1|p2| - |Pa
P11 P12 Pin
. D21 P22 - P2n
Pr1 Pn2 " DPnn

Then the product PP has the form

P11 P21 Pnl P11 P12 - DPin
prp — p‘12 p?2 pfﬂ p.21 p.22 p?n
_pln DPon ' DPnn Pn1 Pn2 *°° DPnn
P1-P1 P1:P2 - P1'Pn
. P2:P1 P2:P2 ‘- P2'Pn
_pn'pl Pn-P2 *°° Pn‘Pn

Since the set {p1, p2,---,Pn} is orthonormal,
pi-p; =0, i #jand pi-p; = ||pil|* = 1

Thus the matrix PP has the form

0 -~ 0
()1...()
Plp=| | =1
00 1

Since P is invertible, PT = P~! and P is orthogonal.

Assume now that P is an n x n orthogonal matrix. Let P be the matrix

P11 P21 Pnl

b p *c Pa
p— .12 '22 ' '2

Pin P2n """ Pnn
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As P is orthogonal, PT' = P~! and therefore PTP = T,,.

P11 P21 - Pnl P11 P12 - Pin
prp — p.12 p.22 e pfﬂ p.21 p.22 P?n

_pln DPon " DPnn Prn1 Pn2 *°° DPnn
P1-P1 P1-P2 - Pi1i:'Pn

. P2-P1 P2-P2 - P2 Pn
_pn'pl Pn-P2 *°° Pn‘Pn
(1 0 --- 0
o1 ---0

= A :In
_O 0 1

where
P=[py|pz| - | Pu

therefore one has that
Pi-p;j=0, i#jand p;-pi = ||psl|” =1
and hence {p1,Pp2,...,Pn} form an orthonormal set. O

Example: AN ORTHOGONAL MATRIX

1. Show that
[ﬁ _v6 V3 '|
2 6 3
=l 4 3
{ﬁ V6 _ﬁJ
2 6 3
is orthogonal by showing that PTP = I;.
U I S & 100
P"P = [p1|p2|ps] = —% @ % 0 ? ? —lo 1 0

Thus PT = P~!, and P is orthogonal. Moreover it is clear that the columns
of P form an orthonormal set, as the following calculations were performed in
calculating P P:

P1-P2=P1-P3=DpP2-P3=0
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and

[Pl = [[p2ll = [[ps]l = 1

Before presenting the main result of this section, the following preliminary theo-
rem is given, which states that for symmetric matrices eigenvectors corresponding to

distinct eigenvalues are orthogonal.

Theorem 7.9. Let A be an n x n symmetric matriz. If A\y and Ay are distinct eigen-
values of A, then eigenvectors X1 and Xg corresponding to A1 and Ay respectively are
orthogonal.

Proof. Let A1 and Ay be distinct eigenvalues of A with corresponding eigenvectors x
and x5. Thus Ax; = A\;X; and Axs = AgXs. To prove the theorem, it is useful to
start with the following matrix form of the dot product.

T21

T22

_ LT
X1'X2—[$11 T2 -+ Tip . = X1 X2

Ton

)\1 (Xl . X2) = ()\1X1) +Xog = (AXI) +Xog = (AXI)TX2
= (XITAT)Xz = (XITA)X2 = XlT(AX2)
= XlT(/\2X2) = Xj - (AQXz) = /\2(X1 - X2).
This implies that (A —A2)(x1-x2) = 0, and because \; # s it follows that x5 -x5 = 0.

Therefore x; and x5 are orthogonal. O

7.3.3 Orthogonal Diagonalization

Definition

e A matrix A is said to be orthogonally diagonalizable if there exists an
orthogonal matrix P such that P~'AP = D is diagonal.

The following important theorem states that the set of orthogonally diagonalizable
matrices is precisely the set of symmetric matrices.

Theorem 7.10. Let A be an n x n matriz. Then A is orthogonally diagonalizable if
and only if A is symmetric.
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Proof. Assume that A is orthogonally diagonalizable. Then there exists an orthogonal
matrix P such that D = P~ AP is diagonal. Moreover, since P~! = PT

A=PDP™' = PDP”,
which implies that
AT = (pDPHT = (PHYT(PD)" = PD"PT = PDPT = A

therefore A is symmetric.

Now assume that A is symmetric. If A has an eigenvalue \ of algebraic multiplicity
k, then by Theorem 7.7(b), A has k linearly independent corresponding eigenvectors.
Through the Gram-Schmidt orthonormalization process, this set of k£ vectors can be
used to form an orthonormal basis of eigenvectors for the eigenspace corresponding
to A. This procedure is repeated for each eigenvalue of A. The collection of all
resulting eigenvectors is orthogonal by Theorem 7.9, and from the normalization
process each vector has magnitude one. Furthermore, these n vectors are linearly
independent from Theorem 7.4. Let P be the matrix whose columns consist of these
n orthonormal eigenvectors. By Theorem 7.8, P is an orthogonal matrix. Finally by
Theorem 7.3, it can be concluded that P~ AP is diagonal. Hence A is orthogonally
diagonalizable. O

The second part of the proof of Theorem 7.10 is constructive. That is, it gives
steps to follow to obtain an orthogonal matrix P that diagonalizes a symmetric matrix.

These steps are summarised below.

7.3.4 Procedure for Orthogonal Diagonalization

Let A be an n X n symmetric matrix.
Step 1. Find all eigenvalues of A and determine the algebraic multiplicity of each.

Step 2. For each eigenvalue of algebraic multiplicity 1, choose a corresponding eigen-

vector of magnitude one.

Step 3. For each eigenvalue of algebraic multiplicity £ > 2, find a set of £ linearly
independent eigenvectors. (This is always possible by Theorem 7.7.) If this set
is not orthonormal, apply the Gramm-Schmidt orthonormalization process.
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Step 4. Steps 2 and 3 produce an orthonormal set of n eigenvectors. Use these
eigenvectors to form the columns of P. The matrix P"'AP = PTAP = D will

be diagonal. (The main diagonal entries of D are the eigenvalues of A.)
Examples: ORTHOGONAL DIAGONALIZATION

1. Find an orthogonal matrix P that orthogonally diagonalizes

t

Step 1. The characteristic polynomial of A is

A—-3 -1
AL, — A = 4 3| = A+3)(A—3)—1?
= M—-6A+9-1
= M —-6)A+8
= A-4(-2)

Thus the eigenvalues are Ay =4 and Ay = 2

Step 2. Now for each eigenvalue of algebraic multiplicity 1, an eigenvector is
found by solving the homogeneous system (A, — A)x = 0. Note that in
this case, both A\; and A\, have an algebraic multiplicity of 1.

For \{ =4
1 -1 1 -1
= rref =
-1 1] [0 O]

Therefore the eigenspace corresponding to A\; =4 is

E4(4) = span { [ 1 ] }
! _1] :>rref:[1 1]
-1 -1 00

Therefore the eigenspace corresponding to Ay = 2 is

-] )
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The eigenvectors (1,1) and (1,-1) form an orthogonal basis for 2. Each of
these is normalized to produce an orthonormal basis. The new bases for

the eigenspaces are given below.

|} = 5 ]
V2

Step 3. Because each eigenvalue has an algebraic multiplicity of 1, go directly

S-Sl

to step 4.

Step 4. The matrix P is constructed with columns vectors p; and p»

1 L
Skad
V2 V2

2. Find an orthogonal matrix P that orthogonally diagonalizes

—724 0 0
247 000
] 0o 0 -7 24

0 0 24 7

Step 1. The characteristic polynomial of A is

A+7 =24 0 0

-24 A-T7 0 0

0 0 A+7 —24

0 0 24 A—7
= A+7A=D[A+7)(A=7) —247]
=242 (A +T)(A — 7) — 247]
A+7)(\—7) —24%?

[
= (A\? — 49 —576)?
= (\? —625)?
= [(A+25)(\ —25)]?
= (A+25)%(\—25)

Thus the eigenvalues are A\; = 25 and Ay = —25. Note also that a4(25) =
aA(—25) = 2.
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Step 2. Neither of the eigenvalues have an algebraic multiplicity of one. Go to
step 3.

Step 3. The eigenspaces of each eigenvalue are found by solving the homoge-
nous system (A; — A)x = 0. This can be done by converting the matrix

A4 — A to reduced row-echelon form.
For A\ = 25

32 —-24 0 0
—-24 18 0 0
0 32 -24
—24 18

)\1[4—14:25]4—14:

o O
o

o O =

= rref =

slw O O

0
0
1
0

O O O Blw

0

Therefore the eigenspace corresponding to A; = 25 is

o

e}

E4(25) = span

S O = oW
= o O

For Ay = —25

—-18 —-24 0 0
—-24 -32 0 0
0 0 —18 —-24
0 0 —24 -32

B:)\2I4_A:_25I4_A:

1 300
— rrefB = 0000
001 3
0000
Therefore the eigenspace corresponding to Ay = —25 is
4
~4 0
1 0
E4(—25) = span ol | s
3
0 1
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These two bases are orthogonal but not orthonormal. Hence an orthonor-
mal bases for each eigenspace is calculated using the Gramm-Schmidt pro-

cess. The process yields the following two bases

3
£ 0
4 0
E4(25) = span{p1, p2} = span (5) N
5
4
0 5
4
3 0
E4(—25) = span{ps, pa} = span g : .
5
3
0 5
Step 4. Using p1, p2, Ps and p4 as column vectors, the matrix P is constructed:
3 4
£ 00— 0
4 3
p_|359% 5 0
3 4
0 £ 0 —3
4 3
05 0 5

7.4 Some Applications of Eigenvalues and Eigenvectors
7.4.1 Calculation of Matrix Powers

Let A be an nxn matrix. To calculate A™ for large m is laborious and time consuming.
However if A is diagonalizable this process can be greatly simplified. Consider the
following construction.

Let A be an n x n diagonalizable matrix, and let P be an invertible matrix whose

column vectors are the eigenvectors of A, then
P7'AP=D

where D is a diagonal matrix. If D = P~1AP then it follows that
A=pPDP!

Therefore A™ = (PDP~')™ where m > 1. Consider the special cases for m = 2 and
m=3

— (PDP™Y)?=PDP'PDP™' = PDIDP™' = PD*P"!

— (PDP™Y)=PDP'PDP'PDP~' = PDIDIDP™' = PD*P!
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In general
A™ = (PDP~H™ = pD™pP™!

Recall from Section 1.6.1 that if D is the general diagonal matrix

d 0 ... 0
0 do ... 0
0 0 ... d,
then
di"™ 0 0
. 0 dz_m 0
0 o ... d,"

Thus calculating the m* power of a matrix can be done by constructing a matrix P
such that P~'AP = D where D is diagonal. Then the calculation A™, which involves
m matrix multiplications, reduces to PD™P~! which, due to the simplicity of the
form of D™, involves only two matrix multiplications.

Note that this method only works for matrices which are diagonalizable.
Examples: MATRIX POWERS USING EIGENVALUES AND EIGENVECTORS

1. Let A be the matrix
2 1

1 2

A=

The eigenvalues of A are \; = 1 and Ay = 3. The corresponding eigenspaces

are spanned by the bases
1 4
V2 V2
Using p; and pz as column vectors, the matrix P is constructed:

|

pP=

S-S
S-S

Then P~'AP = D where

w O
I
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_1 L 101 -~ L
4 L 0 3 A1
V2 V2 V2 V2
I R I T R T I
V2| 1 1]]0 3 2| 11
1| 3m+1 3m—1
2 3m—1 3™ +1

7.4.2 Systems of Linear Differential Equations

A system of first-order linear differential equations has the form

yi = an¥y +a2yY2 + -+ G1aYn
Yy = Gu¥Y1 + AYs + -+ Aon¥n

Yo = Cn1l1 + Qp2Y2 +--- 4+ AnnlYn

where each y; is a function of ¢ and y] = dy;/dt. Let

U Y1
Y Y
y = .2 and y'=| "’
Yn Yn

then the system can be written in matrix form as

y' = Ay
where A is the n X n matrix
ai; G2 -cc QAip
A= G21 G2 - Q2
Qp1 QAp2 " Gpp

Example: A SIMPLE SYSTEM
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1. Solve the following system of linear differential equations.

Y1 = 4y
Yo = —Y2
Ys = 243
i From calculus it is known that the solution of the differential equation
y' =ky
is
y = Cekt
Therefore the solution of the given system is
hn = 01€4t
yo = Che™
ys = Cze?

The matrix form of the system of linear differential equations in the previous
example is y' = Ay, or

y

Z'l 4 00 yl
2

l=]0 -1 0 ,

’ 0 2

Un Un

Thus the coefficients of ¢ in the solutions y; = C;e*i? are given by the eigenvalues of
the matrix A.

If A is a diagonal matrix, then the solution of y’ = Ay can be obtained imme-
diately, as in the previous example. If A is not diagonal, then the solution requires
a little more work. First we must find a matrix P that diagonalizes A. Then the

change of variables given by y = Pw and y' = Pw' produces
Pw' =APw = w =P 'APw

where P~ AP is a diagonal matrix. This procedure is demonstrated in next example.
Example: SOLVING BY DIAGONALIZATION

1. Solve the following system of linear differential equations.

v = 3y + 2y
yé = 6y1— 1y
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First it is necessary to find a matrix P which diagonalizes the matrix

3 2
6 —1

The eigenvalues of A are \; = —3 and Ay = 5, with corresponding eigenvec-

tors vi = (1,—3) and vo = (1,1). Since the eigenvalues are distinct, there

exists a non-singular matrix P that diagonalizes A. The columns of P are the

-3 0
0 o

The system represented by w' = P~1APw has the following form.

wy | | =30 wy
wh | 05 Wy

The solution to this system of equations is
wp, = 016_3t

Wo = 02€5t

eigenvectors vy and va. That is,

1 1
P = l ] and P'AP =
-3 1

w) = —3w

wy = Bws

To return to the original variables y; and 9, use the substitution y = Pw. Then,

Y1 N 11 w1
v | | -3 1 Wo
which implies that the solution is

Yy = Wy + Wy = 0167& + Cg€5t
Y = —3’11)1 +wy = —3016_3t + 0265t
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