10. Eigenvectors and eigenvalues
T he diagonalisation problem

Throughout, V is a finite dimensional vec-
tor space over a field F.

Given T € ¢(V), consider:

1. Is there an ordered basis 8 such that
[T] 3 is diagonal?

2. If there is such a basis, how do we find
it?

Definition

T € ¢(V) is called diagonalisable if there
is an ordered basis 3 for V such that [T]g
is diagonal. We also call a square matrix A
diagonalisable if L 4 is diagonalisable.



Discussion

Let 8 = {v1,vo,... ,vn} be an ordered basis
for V.

o If [T]B is diagonal then T(’U]) = )\j’Uj.

o Conversely, if T(v;) = Ajv; then [T]g is
diagonal.

Definition

Let T € (V). A non-zero vector v € V is
called an eigenvector of T if there exists
A € F such that T'(v) = M. We call X the
eigenvalue corresponding to v.



T heorem

T € ¢(V) is diagonalizable if and only if
there is an ordered basis @ for VV consisting
of eigenvectors of T.



T heorem

Let A e M,(F). Then A € F is an eigenvalue
of A if and only if det(A — \I;) = 0.

Definition

Let A e M,(F). The polynomial
f(t) = det(A —tly)

is called the characteristic polynomial of
A.



Lemma

Similar matrices have the same character-
istic polynomial.

Definition

Let 3 be an ordered basis for V., dim(V) = n
and T € (V). The characteristic polyno-
mial f(¢t) of T is defined to be the charac-
teristic polynomial of [T]g.



Example

T € ¢(P2(R)) s.t.
T(f(@) = f(x) + (= + 1) f'(@).



T heorem

Let A € M, (F).

(a) The characteristic polynomial of A is
a polynomial of degree n with leading
term (—1)".

(b) A has no more than n distinct eigenval-
ues.



T heorem

Let X\ be an eigenvalue of T € £(V). A vec-
tor v € V is an eigenvector of T' correspond-
ing to A if and only if 0 &= v € ker(T — \I).



To find eigenvectors of T € £(V) with dim(V) = n,
first choose an ordered basis .

The standard representation of V w.r.t.
B is the isomorphism

Then v € V is an eigenvector of 1T cor-
responding to A if and only if ¢g(v) is an
eigenvector of [T7]3.



QUIZ

True or false?

e Every linear operator on an n dimen-
sional vector space has n distinct eigen-
values.

e If a real matrix has one eigenvector,
then it has infinitely many eigenvectors.

e [ here exists a square matrix with no
eigenvectors.

e Eigenvalues must be non-zero scalars.

e Similar matrices have the same eigen-
values.

e Similar matrices have the same eigen-
vectors.
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