14. Rational canonical form

1. If the characteristic polynomial of T' € £4(V)
does not split, there is no basis on which T
has a diagonal form nor a Jordan canonical
basis.

2. But the characteristic polynomial fac-

torises as (—1)"(¢1(£))"1 (¢2(£))"2 ... (¢;(¢))"™.

3. There exists a basis # such that

cC; 0 --- 0
O C» --- 0O
T]p = s : s s
0O 0 --- C,

where each “0" is a zero matrix, and each
C’; is a square matrix of the form

(00 -+ 0 —ap )

10 - 0 -—a
;=101 0 -a

00 - 1 —ap




Definitions

A polynomial f(¢) is called monic if its
leading coefficient is 1.

If f(t) has positive degree and cannot be
expressed as a product of positive-degree
polynomials with coefficients in the field,
we call f(t) irreducible.

A matrix of the form C; (previous slide) is
called a companion matrix of the monic
polynomial

ag+ait+ ...+ ak_ltk_l -+ th.

Use the notation C, for the T'-cyclic sub-
space generated by x € V. If dim(C;) = k,
then {z,T(z),T%(z)... ,T*~1(z)} is a basis
for C, called the T-cyclic basis generated
by x, denoted (. We have that dz € V s.t.

C; = [Tc,ls,-



A matrix representation of the form [T]g3
(from the first slide) is called a rational
canonical form of 7', and the basis 3 is
called a rational canonical basis.

Each C; in the rational canonical form is a
companion matrix of a polynomial (¢(t))™
such that ¢(¢) is an irreducible monic di-
visor of the characteristic polynomial and
0 < m e Z.

Main result

For every linear operator on a finite dimen-
sional vector space, there exists a rational
canonical basis and hence a rational canon-
ical form.

Main problem

Find a rational canonical basis.



Definition

Let 7" be a linear operator on a finite di-
mensional vector space V with characteris-
tic polynomial

(=1)"(91(2))" 1 (d2(£))"2 ... (¢ (2))"

where the ¢;(t) are distinct irreducible monic
polynomials and 0 < n; € Z. For 1 <<k
we define

Ky, ={x € V| (¢;(T))P(x) =0, some 0 <p € Z}.

T heorem

B is a rational canonical basis if and only
if 3 is the disjoint union of T'-cyclic bases
Bv;,» Where each v; lies in K¢ for some irre-
ducible monic divisor ¢(t) of the character-
istic polynomial of T.



Example

T € £{(R®), B = {v1,vp,...

(0 -3 0
1 10
0O 00
0 01
Tls=10 0 o0
0O 00
0O 00
\0 00

OOoOmrHrOOOOo

0

,vg} such that

OoOoOrHr OO0 oOoOo

OO oONOH+r OO

O

R OOOOOO

0 )
0

oOrr OoOoOo

/

Let ¢1(t) = t2—t+3 and ¢o(t) = t2+1. The
diagonal blocks are companion matrices of
the polynomials ¢1(¢), (é2(¢))2 and ¢o(t).



Definition

Let T' e 4(V) for f.d. V. A polynomial p(t)
is called a minimal polynomial of T if p(t)
IS @ monic polynomial of |least degree such
that p(T) = Tp.

T heorem

Suppose that the minimal polynomial of
T eci(V) (f.d. V) is

p(t) = (¢1(£))"1(P2(¢))™2 ... (¢x(¢))™*

where the ¢;(t) are distinct irreducible monic
factors of p(t) and 0 < m; € Z. Then

Ky, = ker((¢;(T))™).

If ; is @ basis for K., then vy U~y U--- U~y
is a basis for V. Moreover, if each ~; is a
disjoint union of T'-cyclic bases, then ~ is a
rational canonical basis.



How to form a rational canonical basis as-
sociated with 17

1. Determine the characteristic polynomial
of T.

2. Determine the minimal polynomial of T
3. Find T-cyclic bases associated to each

1

4. Form a rational canonical basis g of V
as a disjoint union of these T-cyclic bases.



Example

T € L(P3(R)) s.t. T(f(x)) = f(0)z — f'(1).

Let 8= {1,x,22, 23}

A=[T)g=

oNoN )
oo+
OO oON
OO oOoOWw

= characteristic polynomial (¢2 4 1)t2.

OO0 O O

> 100 —2 -3
NoteA—l—I_OOlO
O 0 O 1

so (A2+1)A=0.

The minimal polynomial is therefore

(t2 + 1)t.



Find all v s.t. (A2 4+ 1)v=0.

00 0 O a 0
00 -2 -3 b | | o0
00 1 O c |~ |oO
00 0 1 d 0

= a,b free and ¢,d =0

( 3

v IS a basis for Kt2—|—1

O OO
OO O

\ /

which is a T-cyclic basis.



To find Kjy:

Find all v s.t. Av = 0.

oNoN )
oo+
©COON
©COoOoOow
QL O o8
o OoOOoOo

= a =0 and b = —2¢c — 3d

( O O )
= _f , _g’ . is a basis for K;
0 1

\ /

which is the union of two disjoint bases with
one vector each (since both are eigenvec-
tors).
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A rational canonical basis for T (in coordi-
nate vector form) is

(/1 0 0 0\)

L J]o 1 2 -3 |
of'lo|’| 1| o

L\ o 0 0 1/

which in terms of vectors in P3(R) is

{1,:1:,:1:2 — 2z, 23 — 3z}.

The corresponding rational canonical form
IS

O -1 0 O
1 0 0 O
O O 0O
O O 0O
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Example

T € 6(Mo(R)) s.t. T(A)z(_(l) 1>A
ceti={(50)(55)(10) (59
0 O 10
A=s=] 7 570
O -1 0 1
= characteristic polynomial (2 —t 4+ 1)2.
—1 O 10
Note A2 = _Cl) _é 8 (1)
O —1 0 O

so A2 - A4+ T =0.

The minimal polynomial is therefore
t2 —t4 1.
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Kp_1q= R# which has standard basis

( )

0

O OO
= O OO

oo+

1
O Y
\ O /

We seek to turn this into a union of disjoint
T-cyclic bases.

Note
O 0120 1 O
0O 001 o | 0
-1 0 10 o] | -1
O -1 0 1 O O
and
O 0120 0 —1
0O 001 0| 0
—1 O 10 -1 | -1
O -1 0 1 0 O
1 O
B 0 0
= o |T| -1
0 O
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Also note

0 O 10 0 0
0 O 01 1|1 0
—1 O 10 o | 0
O -1 0 1 0 —1
and
0 O 10 0 0
0 O 01 o] | —1
—1 O 10 o | 0
O -1 0 1 -1 —1
0 0
. 1 0
= lo|T| o
0 —1
( 1 O ) 4 O O )
= 3 0 0 >, 9 L 0 >
O |’ —1 ’ 0 |’ 0
\ O O y, \ O _1 /

are two T'-cyclic bases whose union gives a
rational canonical basis for Kt?—t-l—l‘
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A rational canonical basis is

1 O O O O 1 0 0
oOoo0o/)’\-10)’\0 O0)/)’\ 0O -1
with corresponding rational canonical form

O -1 0 O
1 10
O 00 -1
O 01
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Example

Find the rational canonical form of the ma-
trix

([0 20 -6 2)
1 -20 02
A=|1 01 -3 2
1 -2 1 -1 2

\1 —4 3 -3 4 )

and a corresponding rational canonical ba-
SiS.

Hint: the characteristic polynomial is

—(t2 4 2)2(t — 2).
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