NORMED LINEAR SPACES

Topological Linear Spaces.

A vector space V has two components: a set V' of vectors and a field F' of
scalars, which will be represented by Greek letters.

In addition to the functions + and x from F' x F to F, there are also two
functions: @ from V x V to V, called vector addition, and ® from F' x V to V
called scalar multiplication.

In its full generality a vector space should therefore be expressed as

V=A{(V;®), (F;+,x);®} .
However it is usual to confuse V with V| and refer to V' as the vector space.

Suppose now that the sets V' and F' have topologies 7y and 7p respectively.

For example, if V = R" we have the topology induced by the Euclidean metric,
and if F' =R or C we have the usual topology.

If the functions &, ®, + and X are continuous with respect to these topologies
and the appropriate induced product topologies we say that resulting entity is a
topological linear space.

In practice, consideration is usually restricted to the real and complex fields, and
to topologies on V' induced by a norm.

A norm on a vector space is a real-valued function on V', whose value at x € V
is denoted ||z||, with the properties:

%
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|21 @ 2| < [l2a]] + |||

(

(b) o @ z[| = |af x ||z
(c) ||z]| >0

(d) I|z|| £ 0 if z %0

A vector space on which a norm is defined becomes a metric space, referred to
as a normed linear space, if we define

d(ill‘l,ili'g) = Hl‘l @QS'QH .

Most of the examples of metrics considered earlier in the course fall into this
category.

A function f from one normed linear space V' to another normed linear space W
is continuous at xo € V if, given any € > 0, we can find § > 0 such that

l|lf(x) o f(zo)llw <eVzeV;l|lzox|y <0 .

The space is called real or complex depending on whether the field F' is R or C.

If U is a vector subspace of V', then the norm on V is also a norm on U, so that
U is itself a normed linear space. This space is referred to as a subspace or linear
manifold.

This subspace U may or may not be closed in V', and the distinction between
these cases is often important.

Note that a linear space can be a metric space without being normed, and can
be a topological space without being a metric space.
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The inequalities

[(z1 © 22) © (Y1 © y2)|| < |[z1 © yil] + [|z2 © y2|
la®zo Byl <laf x[lzroyl|+|a— 8] x|yl

show that the operations & and ® are continuous on a normed linear space.
As a consequence, if M is a linear manifold in X, so is its closure Cl(M).
Note also, that since
]| =Nyl < Jlz e yl|

the norm ||.|| is a continuous function on V.

Notation. So far a notational distinction has been made between the operations
of addition in F' and V', and between scalar multiplication and multiplication in F'.

However, common usage is to use the same symbol (+) for both forms of addition
and no symbol at all for the two forms of multiplication. This usage will be used
from here on.

When we are working with normed linear spaces, we are initially interested in
functions which preserve the linear structure.

A function T from one normed linear space X to another normed linear space
Y is called a linear transformation or linear operator if

T(azx + By) = T (z) + BT (y) .

Note that this means that 7(0) = 0.

If T is invertible, and both T" and T~! are continuous, then 7" induces a homeo-
morphism between X and Y, and the spaces are said to be linearly homeomorphic
or topologically isomorphic.

If in addition, ||T'(z)|| = ||z|| for all z € X, the spaces are said to be isometrically
isomorphic or congruent.

Continuity of linear operators is an all-or-nothing affair.

Let T be a linear operator from X to Y.

Then T is continuous either at every point of X or at no point of X.

It is continuous on X if and only if there is a constant M such that ||T(x)|| <
M]||z|| for every x € X.

Let zg,x1 € X, and suppose that T is continuous at xzg.
Then given any € > 0, there is 4 > 0 such that

|| T(x) — T(xo)|| < €V ||z —x0l] <6 .
Then
1T (y) = T ()| = |[T(y — z1)]|

= |IT((y — x1 + x0) — z0)|| = [|T(y — 21 + 20) — T'(20)|| < €
YV [(y —x1 + x0) — o]| <6 ; that is V||ly — z1|| < d

Therefore T is continuous at x; also, and hence throughout X.
(In fact T is uniformly continuous on X.)



IE[[T(z)[| < Ml|z||, then

@] = 11T() = TO)]] < e ¥ ll ~ 0l| = Jel] < 5z

so that T is continuous at g = 0, and hence for all z € X.

Conversely, if T' is continuous on X, it is continuous at 0, and given € = 1, there
is 0 > 0 such that

T ()| = |T(x) = T(0)|] <1 V||| <.
For any x # 0 € X, let
)

= T
2[||]

Y

lyl| = & < 8, so that

- o)
2|

&l 2
1T < 5llzll < Mlz]]

1) = =

where M = %.
Therefore we have ||T'(z)|| < M||z|| for  # 0, and the inequality is obviously
true when = = 0 also.

As an example of a linear transformation which is not continuous, consider the
set V' of functions continuous on [0, 1].

We can make this set into a normed linear space in a variety of ways.

Specifically, let us construct V; where the norm is

1
— = d
1F®ON = (1L >/0 o
and V., where the norm is

17 @I = (lfllee =) max |f(t)] -

0<t<1

The linear transformation given by the identity maping on V' is not continuous
from Vi to V.

Consider the functions

nt 0<t<4i
fn(t) = 2—nt%<t<%forn>2
0 2<t<1

1
fulle =~ |[fallee =1
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Therefore, given any M > 0, we can find n > M such that

M
1Tl = lfalloo = 1> — = Ml|fal1 -

If we consider the vectors in X for which ||z|| < 1 this inequality gives
IT(@)|| < MV [lz]| < 1.

Therefore M is an upper bound for {||T(x)|l,||z|| < 1}.
Conversely, if M* is an upper bound for these values, then for any = # 0

I ()| =

T (2)]] < M*||]]
The least upper bound of these numbers is called the norm of the operator T,

and )

||=]|<1 |2f|=1 z#0 |||l

For example, consider the linear transformations from C™ to C™, represented by
the set of m x n matrices with complex coefficients.

Firstly, consider the norm on C™ given by

n
llls =) 1]
=1

and the corresponding norm on C™.

Azl = > 1> aig

i=1|j=1

m n
< YD laillgl
i=1 j=1

= > <Z|aij|> 197
j=1 \i=1
(mjaxZ \am) >lgl = (mjaxz |az-jr> [
i=1 j=1 i=1

IN

and if this maximum occurs for column J, we have

n
1Aesll =) laisl
j=1



so that this value is attained, and

m
1A = max ) |ay|
J “
=1

Secondly, consider the norm

[[#]|o0 = max[&i] .

n
[Az][oc = max > aiig;
j=1

n
< max > laigl I¢]
j=1

n n
< max [ oy | ma g = max | 3 Jag! | llall
BV ’ R =t
and if this maximum occurs for row I, then choosing

10

_ —i0 . — g pt0
T;=¢€ it arj =re

shows that it is attained, and

n
[[4][cc = max > laij]
7j=1

Finally, if we use the Euclidean norm,
|Az||3 = 2*A* Ax
where * denotes the conjugate transpose.

The matrix A*A is positive semidefinite Hermitian, so that there is a unitary
transformation = Uy, which is an isometry (||y||2 = ||z||]2) and which reduces

x*A*Ax to .
> ing
i=1
where the eigenvalues \; satisfy

A > >0 0, >0

Setting 171 = 1 and the remaining values to 0, we see that

A= |Allz and [|A]lz = VA1



e.g. Consider
0 1
RS
IA[l1 = max(2,4) =4

[|Al|coc = max(1,5) =5

ca (0 2\ [0 1\ _ (4 6
AA‘<1 3)(2 3)_(6 10)
s lt—4 -6
|tI—AA|_‘_6 10

M=T7T+V45=7+3V5

3+5
Alls = /) = ~37
[[All2 = VA1 7

’:t2—14t+4

If T is a continuous linear operator from X to Y, then if S C {||z|| < r},
T(S) < {lyll < I1T]r}
Hence T'(S) is bounded if S is bounded.

Conversely, if T is a linear operators with the property that 7'(S) is bounded
whenever S is bounded, then, in particular,

[ T(@)[| <MV |[|z]] <1
and T is continuous.

There is a similar condition which determines invertibility.

Let T be a linear operator from X to Y.

The inverse T~ ! exists and is continuous if and only if there is a constant m > 0
such that

m||z]| < |[T(2)]]
for every x € X.

If x # 0, ||z|| > 0, so that ||T'(x)|| > 0, and T'(x) # 0.
Therefore, if T'(x1) = T'(x2), T(x1 — x2) = 0, and 1 = z».
Hence T is 1 — 1 and invertible.

If y=T(x), z =T "*(y) and

m||I T~ ()| < [lyl]

1
71 < =
I )l < — gl

and T~ is continuous.



Conversely, if T~! exists and is continuous,

1T~ ()l < Mly]]

1
27l = T @)

These two results together show that the normed linear spaces X and Y are
topologically isomorphic (linearly homeomorphic) if and only if there is a linear
operator T' with domain X and range Y, and positive constants m and M such
that

m||z]] < |[T(z)]] < M||x|

for every x € X.

If we consider X and Y to have the same underlying vector space but different
norms ||.||x and ||.||y, then choosing T' = I we see that these spaces are topologi-
cally equivalent if and only if there exist positive constants m and M such that

mlz]|x < |lz|ly < Ml[z]|x
for every vector in the vector space.

Examples of Normed Linear Spaces.
We have already seen that for p > 1

||x||p = (|€1|p 4+ |£n|p)1/p

is a norm on R".

The normed linear space obtained by using this norm is denoted ¢P(n).

When p = 2, we have the usual Euclidean distance function. In this case we
have the alternative notation £™ for this space, and it is usual to assume that R™
uses this metric unless otherwise specified.

The limiting case as p — o0,

[[lloe = max ||

defines the space £>°(n).

These norms are extended to infinite sequences {&;}.
The space ¢P consists of all such sequences for which

>l
i=1

converges. (Since these are sums of non-negative terms, this is equivalent to saying
that this sum is bounded.)
The norm in /P is defined by

oo 1/p
|||, = (Z |§i|p> :
i=1



Similarly we have the space £>° of bounded sequences for which
[[2lloe = sup |&] -
For any x € £°° we have
Sup [¢n| = lim Lli_)n;o(|§1|1’ e
If

>l
i=1

converges, then for some N, [§;| < 1 for all i > .
Therefore, if g > p, |£;]? < |&|P for all ¢ > N, and by the comparison test

> lal
i=1

also converges.
Therefore P C (1.
Consideration of the sequence

1
nl/P
which is in ¢¢ but not in /P shows that this is a proper inclusion.
It can be shown that if x € 7, ||z||, < ||z||p -

The space £P is complete.

Let {x,} be a Cauchy sequence in (P, with z,, = {ﬁl(n)}
For each k we have

00 1/p
n m n m p
& e >\s(2 & ¢ >\> = || = @mllp

=1

so that {& ](Cn) } is a Cauchy sequence in R or C, which converges to some element .

Since {x,} is a Cauchy sequence, it is bounded; there is some constant B such
that ||x,|| < B for all n.
For any finite M,

M 1/p
(Dgimw) < ||lza]| < B .
=1

Letting n — oo in this finite expression gives

M 1/p
(Z |§z’|p> <B.
=1

Since this is true for arbitrary M,

o 1/p
=1

and z = {§;} € (7.



It remains to show that {x,} converges to x.
Given any € > 0, we can find N such that for m >n > N, ||z, — 2, < ie.
Therefore, for any finite M,

M 1/p 1
(Z &™) —f§">|p) < llem — aall < 5¢
=1

Again letting m — oo in this finite expression, we obtain

M 1/p
(Z & - & \p) <
=1

Since this is true for arbitrary M, it follows that

[ee) 1/p 1
(Zi&—é"Wp) = e~ < ge <
=1

for all n > N, and the sequence converges to x.

l\D|>—‘

Note This form of proof is common when proving completeness in linear spaces.

(P is an example of a Banach Space.
A Banach space is a complete normed linear space.

We have seen that if the metric space X is not complete, we can construct its
completion X.

If X and Y are normed linear spaces, and 7' is a continuous linear operator from
X to Y, then there is a uniquely determined linear operator T from X to Y such
that T'(z) = T(z) if € X. Furthermore, ||T|| = ||T|.

For # € X, consider a Cauchy sequence {z,} in X which defines .
Since
T (@n) = T(@m)ll = [T (20 — zm)|| < |IT|[|J2n = 2ml]

{T(z,)} is a Cauchy sequence in Y which defines an element § € Y.
We set T'(z) = 9.
If 2 € X, the sequence {z} shows that T'(z) = T(x).

If {z,} — 2 and {y,} — 9, then {az, + By,} — az + B37.
Therefore

T(ai + Bj) = im T(oz, + Byn) = im(aT (z,) + BT (yn)) = o1 (&) + BT(H)

and 7T is linear.

If {x,} — 2, ||zn|| — ||Z||- Furthermore
T @)l < T ||zall so that [[T(2)]] < [T ]

so that T is continuous, and ||T'|| < ||T].
Since for any x € X,

1T (@) = 1T < T =]l 1T < 7] -
Hence ||T]| = ||7]].
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The spaces LP.

Let p > 1.

The set LP(a,b) is the class of functions x of a real variable s such that z(s)
is defined for all s, with the possible exception of a set of measure zero (‘x(s) is
defined almost everywhere’ (a.e.)) and is measurable and |z(s)|P is integrable in
the sense of Lebesgue over the range (a,b). In this definition we can take a = —o0
and/or b = oo.

If D, is the set on which x is defined, we define azx for a € R as the function
such that

(ax)(s) = a(x(s)) V s € D,
and = + y as the function such that
(x+y)(s) =x(s) +y(s) Vs e D, ND, .

Clearly ax € LP if x € LP.

x 4 y is obviously measurable. To show that x +y € LP if x,y € LP, we need to
show that |z + y|P is integrable.
Observe firstly that

max{lal, [b} < la| + |b] < 2max{]al, [b[}

Therefore

la+ 0P < (Ja] + [pl)? < (2max{]al, [b]})”
— max{2%[a]?, 27[b]"} < 27[a]? + 27 |b]?

Hence
[(z +y) ()P < 2P|z(s)[" + 2P|y (s)[”

and since the left hand side is measurable and the right hand side is integrable, the
left hand side is also integrable.
b
/ |z(s)[Pds =0

merely tells us that = 0 almost everywhere on (a,b), so that

b 1/p
( / |a:<s>|pds)
is not a norm on LP.

We overcome this difficulty by defining the equivalence relation =° in £P by
x ="y if x = y almost everywhere.

The set of equivalence classes into which L? is divided by this relation is denoted
LP.

Unfortunately,
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If [z] is the class in L? to which x € LP belongs, we define the operations

[z] + [y] = [z + ]
alr] = [az]

b 1/p
||[:c1||p=( / rx<s>|pds> for any & € o

on LP.

With this structure, LP is a normed linear space.

While the elements of LP are in fact equivalence classes of functions, it is usual
to write x instead of [z]

The case L requires separate treatment.

If (a,b) is a finite or infinite interval in R, we say that a function x, measurable on
(a,b), is essentially bounded if there is some A > 0 such that the set {t;|z(¢)| > A}
has measure 0.

The set of all such constants is bounded below by 0, so that there will be a
greatest lower bound for the set.

This smallest possible A is called the essential least upper bound of x, denoted
sup” |z ()]

If £ is the class of all measurable and essentially bounded functions on (a,b),
we construct L as before.

With the norm

I|[z]l] = sup |z (t)[for some z € []

L°° becomes a normed linear space.

Convergence in L,.

When we consider a sequence {z,,} of functions defined on some set .S, there are
a variety of modes of convergence which we can consider.

Firstly, we can consider the sequences {z,(a)} for each element a € S. If the
sequence converges for each such sequence, we say that the sequence converges
pointwise on S.

Suppose that the pointwise limit defines a function x. If, given € > 0 we can
find an integer N which depends on € and .S but not on the individual point a such
that |z, (a) — z(a)| < € for n > N for every a € S, we say that the convergence is
uniform. Convergence with respect to the sup norm is uniform.

The spaces L, offer a different possibility. A sequence {z,} in L, converges in
the mean (of order p) to z € L,, if for every € > 0 there exists N € N such that

1/p
2 — 2], = (/]:cn—x|pds) <e.

It is possible for a sequence of functions to converge in the mean but not point-
wise.
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To illustrate this last point, consider L,(0,1) and the intervals

1. 1 1, 1 2.2

[07 1]7 [07 5]7 [571]7 [07 5]7 [g,g] [5,1],
0.7k gk G gk Gotlee

For the n'” interval in this sequence define
{ 1 in the interval
Ty = ) .
0 otherwise
If n > m(m+1)/2 then ||x,|| < (%)1/7’.
Therefore the sequence {x, } converges in L, to f = 0.

However, for every s € S, f,(s) = 1 infinitely often and 0 infinitely often.
Therefore the sequence does not converge pointwise.

It is also possible for a sequence of functions to converge uniformly but not
in the mean. However, if the interval is finite, uniform convergence does imply
convergence in the mean.

Linear functionals on L,.
We begin with Holder’s inequality in its integral form;

/ Falds < |17 11pllglla

where % + % =1
This states that if f € L, and g € Ly, fg € L.

Suppose that we fix g in L.
For every f in L,, [ fgds is defined, and

/(aﬁ +5f2)9d8=04/f1gd8+5/f29d5

so that this defines a linear transformation from L,, into R or C.
Linear transformations of this type are called linear functionals.
Furthermore

()| = ‘/fgds

so that this functional is continuous.

< / Falds < llglly 11 £1ln

We could equally consider f fixed in L, and let g vary in L, giving a continuous
linear functional on L.

On the other hand, if T" is a continuous linear functional from L, to R, it can be
shown that there is a g € L, such that

Tm:/mm.

Of special interest is the case p = ¢ = 2.
For f,g € Lo, the linear functional

<ﬁg>=/ﬁws

is called an inner product.
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The spaces HP.
Let 4 denote the class of all functions f(z) of a complex variable z which are
analytic in the unit circle |z] < 1 (at least).

This class is a complex vector space.
We shall consider two examples of subspaces of U which are normed linear spaces.

Firstly, for p > 0, f € L and 0 <r < 1 we define

My [fir] = (% /0% !f(rew)]pde)

The class HP consists of those f € U such that

1/p

sup M,[f;r] < oo
0<r<1

It can be shown that for p > 0 these classes are closed under addition and scalar
multiplication. Therefore they are subspaces of .

If we define
[[f]| = sup 9M,[f;7]

0<r<1

then this is a norm for p > 1, but not for 0 < p < 1.
Thus H? is a normed linear space for p > 1.

We extend our classes to H*°, the class of bounded functions in . The norm
on H*> is

1fI = sup |f(z)]
0<r<1

For 1 < p < oo, if f € HP, then lim,_.;_ f(re®®) exists for almost all values of 6,
defining a function f(e?) which belongs to LP(0,2). Furthermore

191= (55 [ s an)

which is the same as the norm in LP.

1/p

Thus H? is in isometric correspondence with a subset of LP.

The other class of functions of interest is a subset of H*.
It consists of functions which are analytic in |2| < 1 and continuous on |z| < 1.
By the maximum modulus theorem for analytic functions,

171l = mas |£(2)

for this class.
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Finite-Dimensional Normed Linear Spaces.
Let X be a normed linear spaces of finite dimension n > 1. Then X is topologi-
cally isomorphic to £!(n) with the same scalar field.
Suppose that z1,xo,...,z, is a basis for X.
Any vector z € X can be represented uniquely as x = > ., &, and the
mapping
T (517"'7£n)

is an isomorphism between X and ¢*(n).

||z[| =

n
Zfixi
i=1

<Y lalllwll < MY e
i=1 =1

where M = max ||z;]].

It remains to prove that there is a constant m > 0 such that

n n
m) el < | s
i=1 i=1

If o |&] = 0, this is trivially true for any m > 0.
Otherwise let D1 | |&] = ¢ > 0.
The set {1, |&| = ¢} is compact in £!(n), and the mapping

is a continuous map from this set into R.

Therefore this map attains its minimum mc on the set.

If m = 0, then ) &lx; = 0 for some set (£7,...&),) # (0,...,0), which implies
that the vectors x; are linearly dependent.

Therefore m > 0, and

n
Zfifﬁi
i=1

n
my_|&] =me<
i=1
as required.

This means that any two normed linear spaces of the same finite dimension with
the same scalar field are topologically isomorphic.

Since ¢! (n) is complete, it also follows that any finite-dimensional normed linear
space is complete, and that any finite dimensional subspace of a normed linear
space is closed.

Finally, since every closed and bounded set in #1(n) is compact, the same is true
for every closed and bounded set in a finite dimensional normed linear space.

The converse of this result is also true.
Before proving this we have the following lemma.
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Riesz’s Lemma.
Suppose that X is a normed linear space.
Let Xy be a subspace of X which is closed and a proper subset of X.
Then for each 0 < § < 1 there exists a vector g € X such that ||z¢|| = 1 and

||z — ]| = 0

for all z € Xj.
Select any 1 € X \ Xj, and let

d= inf ||z — x| .
J}GXO

Since X is closed, there is some € neighbourhood of x; which contains no points
of Xy, and it follows that d > 0.

Also, since 0 < 6 < 1, ~'d > d, and since d is the infimum there is some vector
xo € X such that ||xg — z1]| <67 1d .

Let xg = (1 — x0)/||x1 — zo||- Then ||zg¢|| = 1.

Since X is a subspace, xg + ||z1 — xo||x € X{ for every x € X, and so

Iz — g)| = ||& — 2L 20 ‘
|lz1 — ol
1 d
= 7 |l(@o + [lz1 — @ollx) —m1f| 2 7 20

l|z1 — ol |21 — zol] —

for every x € Xj.

Therefore, if X is a closed and proper subspace of X, there are points on the
unit sphere in X whose distance from X is as near 1 as we please.

However, there may not be points on the unit sphere at distance 1 from X, as
the following example shows.

Let X be the subspace of C(0,1) consisting of all continuous functions on [0, 1]
such that z(0) = 0.
For X, we take the subspace of all x € X such that

/le(t)dtzo.

Suppose that there is 1 € X such that ||z1]| = 1, and ||z; — z|| > 1 for all
z € Xop.
For each y € X \ X let

c= /lel(t)dt//oly(t)dt

Then x; — cy € Xp, and so

1< [lz1 = (21 — ey)l| = [e] Iyl
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or

/Oly@)dt\ < \/Olaa(t)dt' Wl

Consider the sequence y, (t) = t'/™.

1
For each n, [|yn|| = 1, and [ yn(t) dt = 7.
Therefore

1
/ xl(t)dt‘z " VneNnN
0 n+1

and therefore

1
/ 21 () dt’ > 1
0

But z1(0) = 0, x; is continuous, and |z1| < 1 on [0, 1], so that

1
/ Il(t)dt‘ <1,
0

and we have a contradiction.
Therefore no such x; exists.

We are now in a position to prove the converse of the earlier result:

Let X be a normed linear space, and suppose that the surface S of the unit
sphere in X is compact. Then X is finite dimensional.

Suppose that X is not finite dimensional.

Choose x1 € S, and let X; be the subspace (of dimension 1) generated by x;.
Since X is not of finite dimension, X; is a proper subspace of X, and because it is
finite dimensional it is closed.

Hence, by Riesz’s lemma, there exists z2 € S such that ||zo — z1|| > 3.

Let X5 be the (closed and proper) subspace of X generated by x1, z2; then there
exists x3 € S such that ||zg — z|| > 1 for all # € X,. In particular ||z — 1] > 3
and ||zg — 22| > 3.

Proceding by induction, we obtain an infinite sequence of elements of S such
that ||z, — || > 5 if m # n.

This sequence can have no convergent subsequence. This contradicts the require-
ment that S be compact. Thus X must be finite dimensional.

Alternatively, we could proceed as follows.

Consider the set of open spheres with radius % and centres in S. This is an open
cover for S, and hence there is a finite set =1, ..., z, of points on S such that every
point x € S is distance less than % from some x;.

Let M be the space generated by the points z;. It is finite dimensional and
therefore closed.

If M is a proper subset of X, then by Riesz’s lemma there is a point x € S whose
distance from every point of M is greater than or equal to %

Since this is impossible, M = X, and X is finite dimensional.



