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Dirac notation Operators
The simple harmonic oscillator.
Allowed energies
En=hw(n+1/2) n=0,1,...

Energy eigenstates:

_ ~1/4 (pn py-1/ X Ve i
un(x) = (2rA) 14 (27n1) 12H,,<m>e

Arbitrary state ¥(x):

P(x) = Z Cnlin(x)
n=0

where

o= [ axuiluto)
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Dirac notation Operators

The simple harmonic oscillator.

Alternative notation — a list of probability amplitudes for energy
measurements

P = (Co,Cl,Cz,...) = Co(].,0,0,...) + C2(0,170,...) +

Dirac notation

) =3 cln); )= duln)
n=0 n=0

Define an inner product for two arbitrary states |¢), |¢)

(oY) = Zd*cn

prove that this is also given by

ww:[”wwvww
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The simple harmonic oscillator.

Average position

= "t (x) x () = (Wlx]e)

Average momentum?

(p) = (blxlp) = /

—0o0

[ee]

() (=5 ) v

Recall, expansion over states of definite momentum,

— 1 OO Ix —ipx/h,7
v = = [ dxeT ()

Substitute this and show that

o0

(p) = / dppl3(p)?

— 00

Where we interpret P(p) = |{)(p)|* as the momentum prob. density.
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The simple harmonic oscillator.

Example: let the state be an energy eigenstate

_ ~1/4 (on p1y=1/2 X _2
un(x) = (27A) (2"n!) Hp, (\/ﬂ) e

Find (p), (p?).

Use:
iH (x) = 2nHp_1(x)
dx n — n—1
Hpy1(x) = 2xHp(x) — 2nHp_1(x)
to show
d ih
—ih— ) up(x) = n+1 1/2u,, X —n1/2u,,_ X
(~ing) un) = e [(n+ 02000200 1)

Prove this!
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The simple harmonic oscillator.

Thus momentum averages in an energy eigenstate are:

(nlpln) = 0
2
(nle?ln) = To(2n+1)

Prove these results!

Recall position averages, (n|x|n) =0 and (n|x?|n) = A(2n + 1)



Dirac notation

The simple harmonic oscillator.

Projection operators.

Recall that an arbitrary state in energy basis is

‘1D> = (Co,Cl,Cz, .. ) = Co(].,0,0,. . ) + C2(0, 1,0,..

Project in the n’th basis direction:
¥ — (0,0,...,0,¢,,0,...) = culn)

We can write this as

D
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The simple harmonic oscillator.

Measurement of a projection operator.

Given the state |¢/), what is the average value of 1,7

WIMalg) = (@]m)(nlv)
= [nlv)?

= |Cn|2

The average of the projection operator is a probability.

Operators
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Operator representation”

Define
[e.e]
A=Y En,
n=0
The the average energy for state |¢) is given by

(E) = (| Hlv)

* This is called the spectral decomposition
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Raising and lowering operators.

Raising and lowering operators.

Define two new operators a, a’ by their action on energy
eigenstates

an) = n?n—1)
alln) = (n+1)"2|n+1)
with a|0) = 0.
Prove that:
H = hw(ala+1/2)
g = VA(a+a)
h
~ _ . T
—i a—a
p 2\/5( )

are the operators for energy, position and momentum
respectively.



Dirac notation

Canonical commutation relations..

Let ¢/(x) be an arbitrary state in position representation.

aplis) — x (—fh%) (x)

pate) — (i) <ot

= —ilp(x) + x (—ih%) (x)
Thus
(ap — pX) Y = ihfy)
Define the canonical commutation relation
(. 5] = (ap — p%) = ih
Now show that
[a,a] = 1.

Operators



Dirac notation Operators

Canonical commutation relations.

We can show that the state |t9) with position prob. amp.

wo(x) = (x|tho) o exp(—x*/44)
is an eigenstate of a with eigenvalue 0.

Show this using the position representation of p as —ih%.

It is eigenstate of the Hamiltonian with eigenvalue fw/2, the
lowest eigenvalue of the Hamiltonian.

The ground state of the SHO is a minimum uncertainty state with
(g) = (p) = 0 and a characteristic length given by

VA = \/h/2mw
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Oscillator coherent states.

This state is defined as an eigenstate of the annihilation operator
ala) = ala) (1)

where a is a complex number (because 3 is not an Hermitian
operator).

There are no such eigenstates of the creation operator af.

Show this. Assume that there exists states |3) such that
a'|3) = B|B) and consider the inner product (n|(a")"*1|3).
Hence show that the inner product of |3) with any number
state is zero.
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Oscillator coherent states.

Expansion in energy eigenstates:

[ee]

o) = caln).

n=0
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Oscillator coherent states.

Expansion in energy eigenstates:

[ee]

ja) = caln).

n=0

Since ala) = ala) we get

i Vncpln—1) = iac,,\n).
n=0 n=0

Operators
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Oscillator coherent states.

Expansion in energy eigenstates:

[ee]

o) = caln).

n=0

Since ala) = ala) we get

i Vvnea|ln—1) = iac,,\n).
n=0 n=0

Equating the coefficients

C =
T 1

Operators
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Oscillator coherent states.

Expansion in energy eigenstates:

[ee]

o) = caln).

n=0

Since ala) = ala) we get

i Vvnea|ln—1) = iac,,\n).
n=0 n=0

Equating the coefficients
o

C =
T 1

Cn.

so that ¢, = j—%co. Choosing ¢y real and normalizing the state,

n

@) = exp (—[al?/2) Y %w.

n
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Oscillator coherent states.

Average energy

fiw(o|aTale) = hwo (o]a)a = hw|al?.
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Oscillator coherent states.

Average energy
fiw(o|aTale) = hwo (o]a)a = hw|al?.

The energy probability distribution for a coherent state is

o (lo)"
Po = linfag2 = e-lof (21
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Oscillator coherent states.

Average energy
hw(a|aTala) = hwa* (a|o)a = hw|al?.

The energy probability distribution for a coherent state is
2\ N

2 a2 ([o?)
Pn = [(n|a)]?> = eI ol

a Poisson distribution, with variance equal to the mean,

<(aTa)2> - <aTa>2 = |af?

Verify this, either from the distribution, P,, or directly from

the coherent state using the commutation relations for a and
T

al.
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Oscillator coherent states.

Now show that,

(algla) = 2VA Re[a]
(o|pler) v/ A Imla]
(al(2g)’je) = A
(al(Bp)’la) = */an
(a|AgAp + ApAgla) = 0

That is, a coherent state is a minimum uncertainty state.

A large value for o suggests a semiclassical state.
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Oscillator coherent states.

Because a is not an Hermitian operator, the coherent states are
not orthogonal.

[(ala’)|? = exp(—|a —a'?).

If « and o are very different (as they would be if they represent
two macroscopically distinct states) then the two coherent states
are very nearly orthogonal.

A useful identity

d’ala)(a| = 1.

Show this using the expansion in terms |n). The result
nl = [;° dxx"e™ may be useful.
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Oscillator coherent states.

Dynamics.

Use the expansion of |«) over the energy eigenstates to show
that an initial coherent state evolves in time as

ja) — |ae™")
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The Husimi function

Given an arbitrary state of a mechanical system, |1), define

Qa, @) = [{aly)[®

This is the average value of the projection operator

As
/d2a\a><a| =n-1

we have that ]

2 —
;/d aQ(a,a) =1

As Q(a, ) is clearly positive and normalised, it has an
interpretation as a probability density on phase space, q, p, where

q = 2V/A Rela], p=+/h/A Im|a]
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The Husimi function
Examples:

SHO energy eigenstate, |n)

2n
Qul, ) = 12

e_|a|2

n!
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Examples:

A coherent state , |ag)

an(a,a) _ e—la—ao|2

ag=2.0+ 2.0xi

«Or «F»

a

DA
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