MATH4104 — ADVANCED HAMILTONIAN DYNAMICS & CHAOS
First Semester Examination, June, 2003 (continued)

Q1. (a) Derive Hamilton’s equations of motion from Lagrange’s equations of motion.
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MATH4104 — ADVANCED HAMILTONIAN DYNAMICS & CHAOS
First Semester Examination, June, 2003 (continued)

Q1. (b) Show that the following Hamiltonians are integrable and give their integrals of
motion.

(1)

2
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MATH4104 — ADVANCED HAMILTONIAN DYNAMICS & CHAOS
First Semester Examination, June, 2003 (continued)

Q2. Give the primary resonance conditions for the following Hamiltonian.

H(6y, 6o, I, I) = 212 + I2 + (12 sin(6,)? cos(8) + I3)

If H is fixed as 1, which tori of the unperturbed system, that is the system with
e = 0, will be resonant?

Assuming you are not close to resonance give the near identity generating func-
tion that removes all the oscillating terms to order e. Hence give the approximate
integrals of motion in the original variables.

(10 marks)
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MATH4104 — ADVANCED HAMILTONIAN DYNAMICS & CHAOS
First Semester Examination, June, 2003 (continued)

Space for question 2

H = ZZ,IZ'/'I;)Z + e (L + —_zj,/&m_&z - f8-8)

f -‘fw[.2:9 +¢9,_))
Use a rear mén/z'/)/ ;me/a/mj /zwc(ron
/C.-Z /‘ocz:/:) - ’2]; +8,J2

+é(% S b, * g, S0 (26,-8,) + SU)(’ZIS’r*@z»
fo remove all 7he asci //aﬁnj termo fo cyder g
whene 9. (J; )

= I, = J; q-e(/g, n(26,0,) _. g3cm(2!9 +&2))

_ZZ = T + e(jl @, + 292(wé& &,) +293(mQ@ 7&’7))

Tox order € tThe Hami Hontan becomes

L = ZJ:Z +:Tzz - ¢4], (jzcco( )+g3( ))
+ €2],(q,¢x6; +29,con ( ) + 2G5 cenl ’)

*é(j?} + T (2crb, ~anC ) -€n ))

4 2
So ch o Qsljﬂ‘ = —;\_;—\1 q, _—‘E.

(/\

i e . Sv
(41‘.+4'Sz)3? = T_Sz; > 9, &

f K z
4@‘,_,_'52\ = :3_1 = = —S\
SEY I 6 (3, +32)
The app»oxlmaiz. mjﬁiﬂrals o mdbion are. T, and T
J, = 1L +€(|:etc‘rz-1.)(a’@4’"4’z5 i ‘”(”4"*4”—)

16C=1)  TurN OvER

Question 3 see next page.

Tz = Tyt e (L8 oy +2TE confg-g) +217 o)
41, 16, 1) \é(T,-1,)




MATH4104 — ADVANCED HAMILTONIAN DYNAMICS & CHAOS
First Semester Examination, June, 2003 (continued)

Q3. (a) Describe what happens as you perturb the following twist map

In+1 = In

Opns1 = On + 27w(l,), mod(1l)

if w = £ given that w(I,) is continuous function and the map remains area

preserving. (5 marks)
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MATH4104 — ADVANCED HAMILTONIAN DYNAMICS & CHAOS
First Semester Examination, June, 2003 (continued)

Q3. (b) Show that the following map

Upy1 = Up — ASIn(27y,)

¢’n+1 ¢n (un-}-l)2 mOd(l)

is a product of two involutions and find any lines or curves which are fixed under
the involutions of the map. Using this or otherwise investigate the possibility
of symmetric period-2 points where one iterate lies on the line ¢, = 0.

(5 marks)
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