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MATH4104 — ADVANCED HAMILTONIAN DYNAMICS & CHAOS
Second Semester Examination, November, 2005 (continued)

QL. (a) Find the function that is related to

. . 2 . . )
Lir, 6, 6,6, 6) = (6" + §)sin?0 - =

by a Legendre transform with both f and ¢ active and the other varlables
~ passive.

Show that the Legendre transform relations hold for your solution.

Erst degine 1he compu gole mementa; ¢ marks?

P, = g.,g—o ,p&—%_ = mr* B, py = ﬂb .m,zé-m,ﬁ
T e ot W uch o e punchon relolsd & L

b/ {he [ajma‘ne, 7Lran570arm A
Hir,0.4, po. /qu) +L (r 8,4, 8 ,Z) = ﬁp& + qép?g
= Hiro.4.ps P3) = (ps" + ) o+ A

Iamrisn¢ ¥

Leﬁma’m_ -/mn-sfm'm reJotrons c/) _ M Yy >

: ACAT“’ ;= _b__/l = _&e v’ s
vanables 4 dpp  mr 2in?0 QA mrSO
me 9L +o8 = 4 - A -0V I 4 a___ = il 4'2)5076'(7)9 )
Vmab(w _2'/‘ | 2" ~ o .02 2 —Q,g +£¢)cmﬁ 0‘/

mr"".smsﬁ

QueStion. 1 continued on next page. . TURN OVER
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MATH4104 — ADVANCED HAMILTONIAN DYNAMIGS & CHAOS
Second Semester Examination, November, 2005 (continued)

QL.

) Shuw—carefii-lly—t-ha:t—bhe—fol-low-in-g_Ha,mﬂtonians_a.nejntegr.ahle and give their

' integrals of motion.
(i) H{g, p, 1) = —i + cos(g + wt) cos(g + 2wt)
(i) H(61, 02 L, Iz) = 212 + I} + I Jo cos(36, — 65)
i) 71 degree oy Freedmm Systum - nesd 4ms-’lnao:ﬁaf (6 marks)
Su'ne i " (oo[yfuh‘) cm(grf.Qw{) = _//cm('z;+ 3w+ + cen wzf)

Hept) - P/ * J.fméyf-_?wd +L corwt

/Vm'/aa rota 1 fra/ne |
’ = j G- gt

And  remove Fo /;;we/ Farme c(e/aen/eml lerm aymnf
Lot F, = Plg+ .’e’__@_f) ;i*“/((/JWfaq

2

Then new cunom el variables p- P. Q- 7,,3w4.

s A/M///MIM /< (@.P) = _E + -L‘”i-Q "’BBF" e

PQ‘ + Caw + 3Pw
| - 2
So K= P/"' ;m(?.q-rBwi') +?_:P_°° -5 cmS'f'M" a,oﬁ “Fhe mamom

'li) «Qc\a.)e sysfnm bt W mdep.w&en”‘ = H CWS"'“"'}W}M@_M,
Move +o naw vanable $,= 6" Oy h, = O, where
= J ((9‘-— © +J‘ © = I,- 27
Fz V) 2 %2 T, = jlé + Jo
H ke, T2, T,) = 237 (23 4 3,043 wn3h
Van.czla;uoclwn a{<1>2 —bg_o:ggj 1s o

constant af m mchoy,

- I, nd
= Cﬁg_ é)‘ts%.cans-\aﬁrq MmN . VER

- Question 2 on next page.
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MATH4104 — ADVANCED HAMILTONIAN DYNAMICS & CHAOS
Second Semester Examination, November, 2005 (continued)

Q2. (a) Give the primary resonance conditions for the following Hamiltonian.
H(@l, 92, Il, Iz) = 2.[12 + 3.[1]2 + 4€I12 sin(92) 008(92) COS(@l)

(4 marks)

Fuot ndle +hat
Ron by anll, = 8028,

ard  Yswl, 08y 08 = 5 P2 +8)) + s 08 - 8

Now the prmary oo anc cend? bons per

H= 21,7731, T, + 6175‘”(92@1*‘9") +Sm(2{9;_—‘9/))

f

ae QMo v o =0 ard LIHo -L}_ﬁ/a-@
dLy o, o7 > XL,

/éé/*e ;L/a = o'zzl?"‘g_zklz‘z =2 __a__éé = 4]1 7‘3]}_

7,

é:'% - 3—71
91>

= P/ﬁzmay reponance  condi ioms  are
42,%312 - ngi |

= 31, 27, ‘W /OI,+3IQ_:O/

Question 2 continued on next page. ‘ TURN OVER
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MATH4104 — ADVANCED HAMILTONIAN DYNAMICS & CHAOS
Second Semester Examination, November, 2005 (continued)

Q2.

(b) Construct the near identuty transformation that transforms the Hamiltonian

. in part a) to

K($y, b3y J1, Ja) = 2J +31Jz+ e stn(2; — d1)
to first order in €. Give the actual functions ¢i(6;, I,) and Ji(6;, ;) to first

order in €. .
(6 marks)

Lt e e idarkily Banspormabon b

6(9,'(92) 71,7‘2) = &;:’.]"'92:“2 " R
| +ejCT,, ,3Cm(291+ 9,)

‘H’L@n Il = j| - & 3 Sm@@ﬁ@,) ' él-z &, +é-g-§’“”( )
T, = Ja = élﬂ %m'@Qz +@‘) 7&2 = ¢92+é§3jcw( )
T 3, g

9 .0, L(1,0.) L (j‘-:&o)) - |
H( ' L ) o G\)(T{&'lﬁSML\)
(T e gsw (2&.,1\9,\) +3 (I,-’reﬁSm(’&@?t— )

: . s (292"9:0 + Ole?)

b e b &to) F s
17r+3T. T, + € (4397 3(*:11'1*32\‘3.*335
S *.e’jf’sw@@r@:\ +OL€1)

So choose - -3 2
4 0 L
(1071 4532094 * 3V 23 o3si

[ . PR
T Ll

= —}qfcé-f order ih € |
T = I, + ¢ Ti* 506 +81)
' lo1l,+el;

b 4 lLeT, w5inS)
‘ o (/O:L "3'12.)2 | |

more space for question 2 over page.
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MATEH4104 — ADVANCED HAMILTONIAN DYNAMICS & CHAOS
Second Semester Examination, November, 2005 (continued)

Space for question 2

J, = L, + Q_e_:g; Sin (20, +86,)
([OI,+3IZ)

b, = 00, -3€L” o (20,+0)
QOI/"’-?IZ)Z

Question 3 see next page. TURN OVER
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MATH4104 — ADVANCED HAMILTONIAN DYNAMICS & CHAOS
Second Semester Examination, November, 2005 (cqntinued)

Q3. (a) Give the co.ntinued fraction expansion of il -?:8\/5'

v 7{( » —_— /] (8-marks)

. = nteq ~ =
6 Y alld f g’——-——3 Z
‘ [{/ I = 35/ = q * "r5.
’ 47-Jd5-1 . 9-J5 2.
35 '
2. - U5+l
- a ; = 5 an o/ Wy = o Z
aZ = / ‘e w 3 = z ?/Q
Vs - |

.
~
\
S
1y
\_‘l
._01
L

Question 3 continued on next page. . TURN OVER
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MATH4104 — ADVANCED HAMILTONIAN DYNAMICS & CHAOS
Second Semester Examination, November, 2005 (continued)

yays)

Jo7

(b) Derive conditions on f(6r, Ins1) and g(fn, Tny1) for the following twist map to
evolve canonically. :

Ing1 = I+ €f (On, Tnt1)
9'n.+1 = Gn + 27TW(In+1) + 69(9-m Iﬂ-!'l)) mod(27r)

[,ans'f'ma( & %Wa/tﬁj /ﬁw?c:lfm
6/9}1,1_/77‘/) 5,7‘ I”; _%__5. > ﬁw/:_}_{g

(3 marks)

20n ' 3Ly,
:__> ?_Ez - Lpy, "€ 7[‘ /&n,' Zﬂfl) |
26n | |
?__Fz = O, + 2w (Zns1) + €9 /&"{I””‘)
21n+y ' '

S‘o sz = &n _Z”_// ‘/'.2}7//(){1”-;[) dIﬂf-[ +€A (&,‘,,Im,)

/d/he/e Q_A :  A Md_a_‘é =
25)/7 7[, B:Zml "7

= ._a:l.[ + 9 = 0O
| 2Znss 5-279,,

Question 3 continued on next page. TURN OVER
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MATH4104 — ADVANCED HAMILTONIAN DYNAMICS & CHAOS
Second Semester Examination, November, 2005 (continued)

Q3.

(¢) Show that the Standard Map
In+1 = I’n — Ksin g'n.

Ont1 = On+ Ins1

is a product of two involutions. (4 marks)

T J:-ksma' /1) . /T
I'/ﬂ/ G ) ) sz)
+hen 1,1, / /z /mmﬁy ( ksn8
g éa +.Z - kswd

map anregumecl

Also 72,1\ < I-ksm&) _ /I-Ksnb-ksu(0))
I‘.’ /ﬂ) i ,/*ﬂ | (*/*(9 | |
| | )
e/
and .ZZZ T ) 1_2 I =/1
. e/ bo) |e+1)+I/
: i (I/ .
So %Aq;/ 2,% and I, ane the 7/&,71,{/
= 7"12] are wwﬂmtlayz/) ,

Question 4 see next page. TURN OVER



