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MATH4104 — ADVANCED HAMILTONIAN DYNAMICS & CHAOS
Second Semester Examination, November, 2007 (continued)

Q1.(a) Find the Hamiltonian H(z, y, ps, Dy) that is related to the Lagrangian

Lz, y, &,9) = (1 — /1 -2 - y‘z) - V(z, y)

by a Legendre transform with both £ and ¢ as active variables and z and y as
passive variables.

Then use the Legendre transform relations and Lagranges equations of motion to
derive Hamilton’s equations of motion for the Hamiltonian above. (6 marks)
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MATH4104 — ADVANCED HAMILTONIAN DYNAMICS & CHAOS
Second Semester Examination, November, 2007 (continued)

Q1.(b) Show carefully that the following Hamiltonian is integrable and give it’s integrals
of motion.

H (04, 0o, Iy, Ip) = I? + I2 + I Iy cos(f, — 26) + I7 cos(26; — 46,) (4 marks)
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MATH4104 — ADVANCED HAMILTONIAN DYNAMICS & CHAOS
Second Semester Examination, November, 2007 (continued)

Q2.(a) Give the primary resonance conditions for the following Hamiltonian as a con-
dition on the action I.

H@,I,t)=2"+¢ (I cos(20 — 2t) + é cos(36 — 2f)>
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MATH4104 — ADVANCED HAMILTONIAN DYNAMICS & CHAOS
Second Semester Examination, November, 2007 (continued)

Q2.(b) Assuming that e is small, find the width of the resonance due to the I cos(20—2t)
term in the Hamiltonian from Q2.(a)

HO,I,t)=2I"+¢ <I cos(20 — 2t) + écos(BQ - 2t)>, to lowest order in e.

To do this you will need to ignore the £ cos(36 — 2t) resonant term. (4 marks)
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MATH4104 — ADVANCED HAMILTONIAN DYNAMICS & CHAOS
Second Semester Examination, November, 2007 (continued)

Q2.(c) Find approximate action angle variables for the following Hamiltonian
H(, I,t)=1I?+elcos(30 +1t) for € small,
valid to order 1 in e. (4 marks)
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MATH4104 — ADVANCED HAMILTONIAN DYNAMICS & CHAOS
Second Semester Examination, November, 2007 (continued)

Q3.(a) Give the continued fraction expansion of the positive root of 22 -5z -1=0.

: (3 marks)
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MATH4104 — ADVANCED HAMILTONIAN DYNAMICS & CHAOS
Second Semester Examination, November, 2007 (continued)

Q3. (b) Show that the following map evolves canonically

A
Ops1 = On
n+1 + Jn+1
Jny1 = Jn + f(@n)
by finding a generating function for the map. (3 marks)
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MATH4104 — ADVANCED HAMILTONIAN DYNAMICS & CHAOS
Second Semester Examination, November, 2007 (continued)

Q3.(c) Show that the map

9n+1 _9 + Jn+l
']n+1 = '] +f( n)

is a product of two involutions, omne ‘of ‘which is

I < 3. ) = ( J+_?( ) > provided that f(—8) = —f(4).
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