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Unit 8 — Two Sample Inference.
Unit 9 — Linear Regression.



Unit 8 — Two Sample Inference



Sample xi,. .., xn, modelled as an i.i.d. sequence of random
variables, Xi,..., Xy, and another sample y1,...,y, modelled by
an i.i.d. sequence of random variables, Y7,..., Y),.

Observations, x; and y; (for same i) are not paired. Possible that
n1 # ny (unequal sample sizes).

Model: X; "5 N(u1,02), Vi " N(uz,02).
Two Variations:

(i) equal variances: 02 = 03 := 0.

(ii) unequal variances: 03 # 3.



Focus on difference in means,

Ay =y — p2 = E[X] — E[Yi].

Ask if
A, (=,<,>)0

i.e. if ug (:,<,>) 2.

But we can also replace the “0" with other values, e.g.
w1 — p2 = Ag for some Ag.



A point estimator for A, is X — Y (difference in sample means).

The estimate from the data is denoted by X — y (the difference in
the individual sample means), with,



In the case (ii) of unequal variances: Point estimates for 0% and

a% are the individual sample variances,

2 1 ¢ 2 2 1 & 2
51:n1_1zl(xi—x)a 52:n2_2;(}/i—)’)'




In case (i) of equal variances, both S? and S3 estimate 0. In
this case, a more reliable estimate can be obtained via the pooled
variance estimator

o2 _ (m —1)S% + (m — 1)522.
P m-+n—2




In case (i), under Hp:

T =

X=Y ~ Ao ~ t(n1+n2—2).
s /L1

1
PNVon " m

The T test statistic follows a t-distribution with n; + np — 2
degrees of freedom.



In case (ii), under Hp, there is only the approximate distribution,

X-Y-A
T=0 20 o g(y),

LYY

21 22

m no

where the degrees of freedom are

2
2 2
S S.
n no
2 2
(t/m), (s/n)
+

np—1 ns—1

vV =

If v is not an integer, may round down to the nearest integer (for
using a table).



Case (i): two sample T-Tests with equal variance

Model:

Null hypothesis:

Test statistic:

Alternative
Hypotheses

X; "R N(p, o), Y, "R N(pz, 0?)
Ho : p1 — p2 = Ao.
X—y—2»p X—-Y —Ag
t = =
1 1 1 1
spy/— + — Spy| — + —
noom noom
P-value

Rejection Criterion
for Fixed-Level Tests

Hi:py — po # Do

Hi:py — p2 > Do

Hi:pi — p2 < Ag

P =2[1 = Fpiny—2(lt])]

P=1—Fnyn—2(t)

P = Fpiyny—2(t)

t > toa/2nm4m—2
t< ta/Z,n1+n272

t> tlfa,n1+n272

t< ta,n1+n272

or
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): two sample T-Tests with unequal varia

Model: X TR N, o?), v TR N, o3).
Null hypothesis: Hp : p1 — po = Ag.
X—y—A X-Y-A

Test statistic: t= %, T= 2720

S S /S S.

42 A,

n n n n2
Alternative P-value Rejection Criterion
Hypotheses for Fixed-Level Tests
Hy i py — po # Ag P=2[1-F,(|t])] t >t g/, o t<

ta/2,v

Hy ot py — po > Ag P=1-F,(t) t>t a0y
Hy @ py — po < Ag P=F,(t) t < ta,
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1 — « Confidence Intervals

Case (i) (Equal variances):

11 11
X =Y = t_qa/2,m+n—2 % 71+E S m—p2 S X=YVHHh_a/n4n—2 5% 7+'Tz

Case (ii) (Unequal variances):

2 2 2 2

- - s 2 < %_7 51 52

X—Y—t_a/2,v . oS MTH2 S X—Yy+tt_a/2yv n*lJr’Tz
1 2
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Unit 9 — Linear Regression
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The collection of statistical tools that are used to model and
explore relationships between variables that are related in a
nondeterministic manner is called regression analysis.

Of key importance is the conditional expectation,

E(Y[x)=py|x=pFo+ Pix  with Y = Bo+ Bix +e,

where x is not random and ¢ is a Normal random variable with
E(e) =0 and V(e) = o2.
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Simple Linear Regression is the case where both x and y are
scalars, in which case the data is,

(Xl,)/l), ) (Xnayn)-
Then given estimates of By and 1 denoted by Bo and Bl we have
yi = Bo+ Bixi + e i=1,2,...,n,

where ¢;, are the residuals and we can also define the predicted
observation,

9i = Bo + Bixi.
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Ideally it would hold that y; = §; (e; = 0) and thus total mean
squared error

L:i=SSe=>Y e = (yi—9)>= (vi—Bo—Bx),
i—1 i—1

i=1

would be zero.

But in practice, unless 02 = 0 (and all points lie on the same line),
we have that L > 0.
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A A

The standard (classic) way of determining the statistics (5o, 1) is
by minimisation of L.

The solution, called the least squares estimators must satisfy

oL z A A
s =2 § i —Po— P1xi) =0
880 hofi i:1(y Bo — P1xi)
oL . A oA
=2 E i — Bo — Pixi)x;i =0
01 150y ,':1(y Po = Prxi)x
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Simplifying these two equations yields

n n
”Bo +312Xi = Zy,'
i=1

i—1
n n n
R R )
Bo E Xi + 1 E X; = E YiXi
i=1 i=1 i=1

These are called the least squares normal equations. The
solution to the normal equations results in the least squares
estimators 5y and §1. Using the sample means, X and y the

estimators are,
n n
i=1 i=1

n
Z}/ixi_
N _ ~ N i=1 n
Bo =y — bix, p1 = 5
n
S x2 — Ni=l /o
1

i=1 n
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The following quantities are also of common use:

n 2
n n < Z Xi>
Soc=D (i —X)7 =) x-S
i=1 i=1

i=1 i=1 n
Hence,
b=
SXX
Further,
n n n

SSr=> (v SSk=)_ (9P SSe=) (n9)

i=1 i=1 i=1
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The Analysis of Variance Ildentity is

i(yi_y>2:i(}/}i_y>2+i(yi

i=1 i=1 i=1

or,
551 = S5g + SSk.

Also, SSgr = Blsxy.

An Estimator of the Variance, o2 is

SSEe
n—2

52 := MSg =

A

— Vi

:
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A widely used measure for a regression model is the following ratio
of sum of squares, which is often used to judge the adequacy of a
regression model:

_SSe _ | SSe

R?=—"CF—-1-—"°%.
SSt S5t
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The Test Statistic for the Slope is

51 B1,0
\/az/Sxx

Ho : B1 = P10 Hy : B1 # Bio

Under Hp the test statistic T follows a t - distribution with
“n — 2 degree of freedom”.
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An alternative is to use the F statistic as is common in ANOVA
(Analysis of Variance) — not covered fully in the course.

SSr/1 MSg

F= SSe/(n—2)  MSg’

Under Hy the test statistic F follows an F - distribution with “1
degree of freedom in the numerator and n — 2 degrees of freedom
in the denominator”.
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Analysis of Variance Table for Testing Significance of
Regression

Source of Sum of Degrees of Mean Fj
Variation  Squares Freedom Square

Regression SSg = BlSXy 1 MSgr MSg/MSg
Error SSe =SSt — 1Sy n—2 MSg

Total 5SS+ n—1
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There are also confidence intervals for 8y and ;1 as well as
prediction intervals for observations. We don’t cover these
formulas.
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To check the regression model assumptions we plot the residuals ¢;
and check for (i) Normality. (ii) Constant variance. (iii)
Independence.
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Logistic Regression
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Take the response variable, Y; as a Bernoulli random variable. In
this case notice that E(Y) = P(Y = 1).

The logit response function has the form

~exp(fBo + Bix)
5(v) = 1+ exp(fo + fix)

Fitting a logistic regression model to data yields estimates of (g
and (1. The following formula is called the odds

E(Y) (

W =exp| fo + 51X>-
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